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Local dependence random graph models are a class of block models for network data which allow for dependence
among edges under a local dependence assumption defined around the block structure of the network. Since being
introduced by Schweinberger and Handcock (2015), research in the statistical network analysis and network sci-
ence literatures have demonstrated the potential and utility of this class of models. In this work, we provide the
first theory for estimation and inference which ensures consistent and valid inference of parameter vectors of local
dependence random graph models. This is accomplished by deriving convergence rates of estimation and inference
procedures for local dependence random graph models based on a single observation of the graph, allowing both
the number of model parameters and the sizes of blocks to tend to infinity. First, we derive non-asymptotic bounds
on the £p-error of maximum likelihood estimators with convergence rates, outlining conditions under which these
rates are minimax optimal. Second, and more importantly, we derive non-asymptotic bounds on the error of the
multivariate normal approximation. These theoretical results are the first to achieve both optimal rates of conver-
gence and non-asymptotic bounds on the error of the multivariate normal approximation for parameter vectors of
local dependence random graph models.
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1. Introduction

Local dependence random graph models, introduced by Schweinberger and Handcock (2015), are a
class of statistical models for network data built around block structure, where a population of nodes
N, which we take without loss to be N := {1,..., N} (N > 3), is partitioned into K € {1,2,...} subsets
At,..., Ak called blocks (also referred to as communities or subpopulations within the literature).
The class owes its name to the fundamental assumption that dependence among edges is constrained
to block-based subgraphs. We formally review local dependence random graph models in Section 1.1.

There are two key aspects to local dependence random graph models which help to explain the re-
search interest received in both the statistical network analysis and network science literatures (Stewart
et al., 2019, Schweinberger and Stewart, 2020, Babkin et al., 2020, Whetsell, Kroll and Dehart-Davis,
2021, Mele, 2022, Dahbura et al., 2021, Agneessens, Trincado-Munoz and Koskinen, 2024, Dahbura
et al., 2023, Tolochko and Boomgaarden, 2024). First, block structure (or community structure) is a
well-established structural phenomena relevant to many applications and networks encountered in our
world (e.g., Holland, Laskey and Leinhardt, 1983, Newman and Girvan, 2004, Stewart et al., 2019). Sec-
ond, local dependence random graph models possess desirable properties and behavior that circumvent
early difficulties in constructing models of edge dependence, which include producing non-degenerate
models of edge dependence (including transitivity) and consistency results for estimators (Schwein-
berger and Handcock, 2015, Schweinberger and Stewart, 2020).
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Utilization of local dependence random graph models requires knowledge or estimates of both the
block memberships of the nodes in the network, as well as the parameters of interest which determine
the amount of probability mass placed on different configurations of the network. In practice, the
parameter vectors of local dependence random graph models must always be estimated, whereas the
block memberships of nodes can either be observed as part of the observation process (Stewart et al.,
2019, Schweinberger and Stewart, 2020), or can be estimated (Babkin et al., 2020, Schweinberger,
2020). We will focus on the problem of estimating parameter vectors under the assumption that the
block memberships of nodes have either been observed as part of the observation process or have been
estimated.

In this work, we advance the literature on local dependence random graph models by providing the
first statistical theory which elaborates conditions under which estimation and inference methodology
based on a single observation of the graph can be expected to produce consistent and valid inference
of parameter vectors of local dependence random graph models. The main results are non-asymptotic
and cover settings where the number of model parameters and the sizes of the blocks tend to infinity.
The main contributions of this work include:

1. Establishing the first non-asymptotic bounds on the £,-error of maximum likelihood estimators of
parameters vectors of local dependence random graph models which hold with high probability,

2. Outlining conditions under which the rates of convergence implied by the bounds on the £,-error
of maximum likelihood estimators are minimax optimal, and

3. Deriving the first non-asymptotic bound on the error of the multivariate normal approximation of
a standardization of maximum likelihood estimators.

All results are stated in terms of interpretable quantities, allowing us to quantify the effect of key
aspects of the statistical model and network structure upon convergence rates of the aforementioned
errors. In so doing, we introduce the first principled approach to estimation and inference for local
dependence random graph models by developing theoretical results which achieve both optimal rates
of convergence and non-asymptotic bounds on the error of the multivariate normal approximation of
maximum likelihood estimators.

1.1. Local dependence random graph models
We consider simple, undirected random graphs X € X = {0,1}'2/ which are defined on the set of
nodes N :={1,..., N} (N = 3). Edge variables between pairs of nodes {i, j} C N are given by
X . = 1 Nodes i and j are connected in the graph
"o Otherwise,
assuming throughout that X; ; = X; ; ({i,j} cN) and X; ; =0 (i € N).

A local dependence random graph (Schweinberger and Handcock, 2015) is a random graph X where
the set of nodes N is partitioned into K blocks Ay, ..., Ak with probability distributions IP of the form

P(X=x) = 1_[ Pri(Xki=xk1), x€X, 1)
1<k<I<K
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Sampson's monastery network School classes network Bali terrorist network

Figure 1. Three real data examples of networks for which local dependence random graph models would be appli-
cable, including Sampson’s monastery network, the school classes data set from Stewart et al. (2019), and the Bali
terrorist network studied in Schweinberger and Handcock (2015). Node colors correspond to block memberships.

where the subgraphs X ; (1 < k <[ < K) are defined as follows:
(|-Ak|) )
(Xij)((i,)):i<j,icAr,jeA,) € Xk = {0,1}% 2 iftk=1
(Xij) ((i,)):ieAr, jeAr} € Xp; = {0, 1Ml ifk#1.

We refer to the subgraphs X r (1 < k < K) as the within-block subgraphs and to the subgraphs Xy ;
(1 £k <1 <K) as the between-block subgraphs. The probability distribution Py ; is the marginal
probability distribution of the subgraph X ; (1 < k <1 < K). A local dependence random graph model
is any probability distribution IP for X of the form (1). Figure 1 visualizes three networks which can be
studied using local dependence random graph models. While the collection of block-based subgraphs
X, (1 £k <1 <K) are independent, edges within the same block-based subgraph can be dependent.
The joint distribution IP can be specified by specifying the marginal probability distributions Py ; for
the block-based subgraphs X ; (1 <k <[ <K).

It is worth noting that the block memberships are known in both Sampson’s monastery network and
the school classes network visualized in Figure 1, whereas the block memberships of the Bali terrorist
network were estimated as in Schweinberger and Handcock (2015). When the block memberships cor-
respond to tangible and observable quantities (e.g., school class memberships of students), data on the
block memberships can be collected as part of the observation process. When this is not possible, the
block memberships must be estimated, for example by using the two-step estimation methodology of
Babkin et al. (2020), which estimates both the block memberships of nodes and the parameter vectors
of local dependence random graph models.

Exponential families account for the most prevalent specifications of local dependence random graph
models (e.g., Schweinberger and Handcock, 2015, Stewart et al., 2019, Dahbura et al., 2021, Schubert
and Brand, 2022, Tolochko and Boomgaarden, 2024), indeed having been the statistical foundations for
the class in the seminal work by Schweinberger and Handcock (2015). Moreover, exponential families
provide a flexible statistical platform for constructing models of edge dependence in network data ap-
plications (Lusher, Koskinen and Robins, 2012, Schweinberger et al., 2020), and have been shown to be
possess desirable statistical properties in local dependence random graph models, including the consis-
tency of maximum likelihood estimators of canonical and curved exponential families (Schweinberger
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and Stewart, 2020). An exponential-family local dependence random graph model can be specified via
the marginal probability distributions of the block-based subgraphs:

Pro, (Xki=%k1) = hei(xen) exp (Ori ski(xk)) = vr1(0x.1)) )

defined for each x ; € Xj ;, where

o 5.1 : Xy — RPKL s a vector of sufficient statistics;

o 0y € RPk! is the natural parameter vector;

o hp1: Xy 1 [0, 00) is the reference function of the exponential family; and

o Yy 1(0k,) =log Zvexkl hi,1(v) exp({Ok.1, sk,1(v))) is the log-normalizing constant.

It is straightforward to show that exponential family specifications of the marginal probability distribu-
tions of the within-block and between-block subgraphs will lead to a joint distribution which is also an
exponential family.

A diverse range of models with the local dependence property in (1) can be constructed through
different specifications of the sufficient statistics and reference functions. To allow for a general scope
of well-structured models, we assume that the joint distributions of X take the form

Po(X=x) = l—[ Pr,r,6,, (Xt =xk,1) = h(x) exp ({8, s(x)) -y (0)), 3)
1<k<I<K

where 0 = (Qw,0p) € RP*? and s(x) = (sw (xw ), sg(xg)) € RP*4, with the definitions

Xw = (X11,....XK K), xXp=(X12,.. ., X1.K.X23.X24, - . XK-1.K)>

K
W) =[] e, and o p(0) = D ukk@w) + D vri(08).
k=1

1<k<I<K 1<k<I<K

Throughout, we will assume that p = dim(fy ) and ¢ = dim(6# ). The exponential family is then the
set of probability distributions {IPg : § € RP*4}, where we note that the natural parameter space is
equal to RP*4, a fact which follows trivially due to the fact that the support X of X is a finite set. We
additionally assume throughout this work that the exponential family implied by (3) is minimal. While
the product of the block-based subgraph distributions in (2) will form an exponential family, it may
not be minimal, in which case we assume that the representation in (3) is the minimal representation
of the exponential family obtained through reduction by sufficiency, reparameterization, and proper
choice of reference measure; see Proposition 1.5 of Brown (1986). The assumption that an exponential
family is minimal is not restrictive, as any non-minimal exponential family can be reduced to a minimal
exponential family (Proposition 1.5, Brown, 1986).

We next provide examples of exponential-family local dependence random graph models in order
to motivate the broad scope of this class of models, as well as to demonstrate how to construct local
dependence random graph models. As the scope of possible models that can be constructed is large,
we are unable to present a complete primer on the topic, and refer to works by Schweinberger and
Handcock (2015), Stewart et al. (2019), and Schweinberger and Stewart (2020), for further information
on and concrete examples of exponential-family local dependence random graph models.
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1.2. Examples of exponential-family local dependence random graph models

1.2.1. Example 1: The stochastic block model

As a first example, we review the stochastic block model (Holland, Laskey and Leinhardt, 1983), which
is a special case of a local dependence random graph model. The joint distribution for X is given by

K
Po(X=x) o 1_[ 1_[ exp(Ok,k xi, ;) 1_[ 1_[ exp(Ok,1 Xi, ;)
k

=1 i<jii,jeAy 1<k<I<K (i,j)eArxA;

“4)

K
o exp Zek,k Z Xij+ Z Ok.1 Z Xi,j |
k=1

i<jiijeAr 1<k<I<K  (i,))efpxAy

where 0y ; € R (1 < k <1 < K). The second line of (4) implies the minimal exponential family, where
each block-based subgraph is a collection of independent and identically distributed Bernoulli random
variables whose edge probability depends on the subgraph index (k,/) and the value of 0 ; € R.

1.2.2. Example 2: Transitivity in local dependence random graphs

The second example we present captures stochastic tendencies towards edge transitivity in networks,
by including a sufficient statistic which models the stochastic tendency for an edge in the network to
belong to a triangle. For this example, we consider joint distributions {IPg : 8 € R3} for X of the form

IP(;(XIJC) oc exp(Ol S1(X)+92S2(X)+93S3(x)),

with natural parameters (61,65, 63) € R3, and where the sufficient statistics are given by

T

si(x) =
k=1 i<j:i,jeAy
K

sr(x) = Z Z xi; 1 Z XinXjn = 1
k=1 i<j:i,jeAy heA\{i.j}

s3(x) = Xij-

1<k<I<K (i,j)eArxA;

In words, s1(x) counts the number of edges in each of the within-block subgraphs xx x (1 < k < K),
whereas s3(x) counts the number of edges in each of the between-block subgraphs x4 ; (1 < k <[ < K).
Neither of these statistics induce dependence, as when 8, = 0, the joint distribution will factorize with
respect to the edge variables in the graph, implying edges are independent.

The second sufficient statistic induces dependence among edge variables contained in the same
within-block subgraph, noting that the form of the statistic in s,(x) ensures that distributions will
not factorize with respect to the edge variables within the graph when 8, # 0. The second statistic
s52(x) counts the number of edges x;, ; between pairs of nodes i and j belonging to a common block
Ax, which are also mutually connected to at least one other node / € Ay also belonging to the same
common block, i.e., it counts the number of within-block edges which form at least one triangle within
the respective block-based subgraph. We call such edges transitive edges.



Motivation for taking this approach to constructing models of edge dependence lies in foundational
properties of exponential families. The mean-value parameter map of the exponential family is given by
1(0) :=Eg (s1(X),52(X), s3(X)) (p. 73-74, Brown, 1986), mapping the natural parameter space R>
to the interior of the convex hull of the image of X under the vector of sufficient statistics s : X — R>:

p@) € M = int(ConHull({s(x)elR3:xeX})),

where ConHull(S) represents the convex hull of the set 8. Moreover, for a minimal exponential family
(of which this example is), the map u : R? — IM defines a homeomorphism between R> and IM (The-
orem 3.6, Brown, 1986). This last point emphasizes a key modeling aspect of exponential-family local
dependence random graph models, as for any point # € IM parameterizing the expected values (mean
values) of the sufficient statistics (s1(X), s2(X), s3(X)), we are guaranteed to be able to find a natural
parameter vector @ € R3 for which Eg (51 (X), s2(X), s3(X)) = u, allowing specified models to flexibly
capture average tendencies of networks, including density, transitivity, and much more.

1.2.3. Example 3: Incorporating node and block heterogeneity into models

The third example shows how we are able to incorporate heterogeneous parameterizations for blocks,
as well as for the stochastic propensities of different nodes to form edges, demonstrating ways in which
the dimension of parameter vectors can grow in applications. For ease of presentation, we will build on
Example 2 by extending the sufficient statistics which were specified in that example.

First, we will demonstrate how heterogeneity in node degrees can be incorporated into models. Sup-
pose that nodes are divided into M non-overlapping groups or categories {1, ..., M} which we repre-
sent as sets 41, .. .,%s. Note that these are distinct from the blocks Ay,...,Ag. In applications, these
groups might be ranks in a department, gender, race, or any other categorical covariate which can be
observed and treated as fixed. As such, each block may be comprised of different amount of nodes from
each of the groups ¥, ..., %, an example of which is the school classes data set studied in Stewart
et al. (2019), where each school class was comprised of different numbers of male and female students.

We replace s (x) in Example 2 by multiple sufficient statistics:

K
sm(x) = Z Z Z xij, me{l,...,M},

k=1 ieG ,NnA) jeA\{i}

with natural parameters (61, ...,605) € RM. A version of this statistic is implemented in the R package
ergm under the name nodefactor (Krivitsky et al., 2023). In words, the model includes a sufficient
statistic that, based on the value of the corresponding natural parameter, adjusts the baseline propensity
for within-block edge formation involving nodes in that group. With no other sufficient statistics in the
model, the log-odds of an edge would be given by

Py(X;;=1)
log —————— = 0,,+6,, €9, NA, je9, NAr, ke{l,...,K}.
0og IPO(Xi,j:O) m n l m k> J n k { }

This is reminiscent of the p1 model (Holland and Leinhardt, 1981) and the 8-model (Chatterjee, Dia-
conis and Sly, 2011), in which each node is given its own distinct class.

We now show how heterogeneity can arise in the block-based subgraphs, by allowing different pa-
rameterizations for different blocks. The statistic s, (x) in Example 2 counts the number of transitive
edges in each within-block subgraph X x (1 < k < K), using the same parameter for each within-block
subgraph. It may be that different blocks display different tendencies towards transitivity. To make this



Rates of convergence for local dependence random graph models 7

concrete, suppose that the individual blocks {1,...,K} are partitioned into L groups or categories
4, . ..,7¢1.. We then replace the sufficient statistic s, (x) in Example 2 by multiple statistics:

sma(x) = Z Z x;; 1 Z XinXjp 2 1], le{l,...,L},

ke i<jiijeAy heA\ i}

with natural parameters (63741, . . .,60p+1) € RE. The complete model is given by

M+L+1
Po(X=x) « exp( ),

Do bsi(x)

t=1

with natural parameter space RM+L+1 where the last sufficient statistic is equal to

SMm+L+1(X) = Z Z Xij-

1<k<I<K (i,j)eArxA;

Example 3 helps to demonstrate how the number of model parameters can grow quickly in applications
when significant generality, heterogeneity, or adaptability is needed to capture important aspects of the
application. A version of Example 3 will be used in the simulation studies conducted in Section 3.

2. Theoretical guarantees

Our main theoretical results are presented in this section. We first review exponential family theory
for local dependence random graph models in Section 2.1. Our consistency theory is then presented in
Section 2.2. Section 2.2.1 derives rates of convergence in the {;-norm of maximum likelihood estima-
tors, whereas Section 2.2.2 presents bounds on the minimax risk in the £,-norm which help to establish
the minimax optimality (under mild conditions) of the upper bounds presented in Section 2.2.1. Lastly,
but importantly, rates of convergence of the error of the multivariate normal approximation are ob-
tained in Section 2.3, providing both non-asymptotic and asymptotic theory for multivariate normal
approximations of maximum likelihood estimators of local dependence random graph models.
Due to space restrictions, all proofs are presented in the supplement (Stewart, 2024).

2.1. Preliminaries for exponential families

The log-likelihood of an exponential-family local dependence random graph model is

K
0(0,x) = logPe(X=x) = ka,k(ew,xk,k)+ Z Ce,1(0B, Xk 1),
=l |<k<l<K

where

Ok (Ow Xk k) Ow, Sk k(X k) — Wik (Ow) +log hy ; (X i k)

(OB, sk 1(xr 1)) =i 1(0p) +loghy j(xk 1).

Ck1(0B,xk. 1)



8

The gradient Vg £(6,x) = (Vagy, €(0,x), Vg, £(0,x)) is given by

K

Vo €(0,x) = Z [sk.k ki) = Bk ko Sk (Xier) |
k=1

Vo, £(0,x) = [sk,0(xk0) = Exr0p sk0(Xe)]
1<k<I<K

where IEg 9, and g ; ¢, are the expectation operators with respect to the marginal probability
distributions Py ¢ g,,, of X r and Py ; g, of X ;, respectively (Lemma 6.1, Stewart, 2024). We denote
the set of maximum likelihood estimators for a given observation x € X by

0 = @(x) = {0’€]Rp+q:£(0’,x)= sup f((),x)}.
fcRpP+a

For minimal and regular exponential families, the maximum likelihood estimator exists uniquely when
it is exists, i.e., |(:)| € {0, 1} (Proposition 3.13, Sundberg, 2019). Regarding existence, the maximum
likelihood estimator of natural parameter vectors of minimal exponential families exists when the suffi-
cient statistic vector falls within the interior of the mean-value parameter space (Theorem 5.5., p. 148,
Brown, 1986), in which case there exists a parameter vector 0 € RP*4 for which p(@) = s(x) for a given
observation x € X of the random graph X, defining u () := [Eg s(X) to be the mean-value parameter
map (p. 73-74, Brown, 1986).

In practice, computing maximum likelihood estimators is not straightforward, as the log-normalizing
constants are generally computationally intractable unless the marginal probability distributions of the
block-based subgraphs X ; (1 < k <[ < K) are assumed to factorize further to reduce the computa-
tional burden of computing the normalizing constants, because yx x (@w ) involves the summation of

(l“‘;k |) terms and i« ; (6 g) involves the summation of | Ay | |A;| terms. It becomes infeasible to compute
these summations in practice even for modest block sizes. The prevailing method for estimating expo-
nential families of random graph models is Monte-Carlo maximum likelihood estimation (MCMLE)
(Hunter and Handcock, 2006). The algorithm outlined in Hunter and Handcock (2006) applies directly
to exponential-family local dependence random graph models (Stewart and Schweinberger, 2019, Stew-
art et al., 2019, Schweinberger and Stewart, 2020), and is used in the simulation studies conducted in
Section 3 through the implementation in the R package m1lergm (Stewart and Schweinberger, 2019).

We summarize the key aspects of MCMLE with exponential families of random graph models out-
lined in Hunter and Handcock (2006). The essential idea of MCMLE is to approximate intractable
likelihood functions with stochastic approximations utilizing Markov Chain Monte Carlo (MCMC)
methods. The crux of the methodology rests on a simple approximation of normalizing constants via
importance sampling. To introduce the idea, let 8y € RP*4 be a fixed parameter vector in the natural
parameter space of an exponential-family local dependence random graph model. We can equivalently
find maximum likelihood estimators 8 of * by

6 = argmax [€(0,x) - ((0p,x)] = %rgRrgfl;c [(6 — 00, s(x)) —log (exp (¥ (0) — ¥ (09)))] .

fecRr*a

In order to solve the above optimization problem, we need to be able to approximate the gradient
corresponding to the above objective function, which is given by

Vo [£(8,x) —£(80,x)] = s(x)— Vg log(exp(¥(0) -y (60))). ®)

The intractability of the normalizing constants in (5) makes direct computation infeasible, as discussed.
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We approximate the term exp (¥ (8) — ¥ (6p)) via a change of measure argument:

exp (¥ (0) -y (00)) = exp(-y (b)) Z h(x) exp((6,s(x)))

xeX
= exp(-u(6y) Y. h(x) exp<<9’s(x)>)%
xeX ,

= Eg, exp((6 - 8. 5(X))),

where IEg, is the expectation operator corresponding to IPg,. As a result, if we can approximate the
expectation IEg, exp((# — 0o, s(X))) via Monte Carlo methods, then we can approximate the ratio of
normalizing constants exp (¥ (6) —(60p)). A key advantage of this approach lies in the fact that the
expectation is taken with respect to a fixed distribution IPg,. In general, we will not be able to sample
directly from the distributions and will need to rely on MCMC sampling methods (see, e.g., Snijders,
2002, Krivitsky et al., 2023). Let X1,..., X,, be an MCMC sample from Pg,. Then, returning to (5),
we have the following approximation:

Q

Vt‘) [K(G,x) - 5(00,-’5)]

i=1

s(x) - Vg log (1 > exp (8- 6o, s(f,-»))

~ & exp ({8 — g, s(x;))) =~
5(x) Zl (Z"}:l onp (@60, s@;»)) s(F0).-

Using this approximation, root finding algorithms—such as stochastic gradient descent or Fisher scor-
ing algorithms—can be utilized to find the MCMLE approximation to the MLE; Hunter and Handcock
(2006) outlines a stochastic Fisher scoring algorithm. The convergence of the MCMLE to the MLE de-
pends on the convergence of the exact log-likelihood to the stochastic approximation (see, e.g., discus-
sions in Geyer and Thompson, 1992), which will depend upon properties of the Markov chain utilized to
generate sample networks. In the usual implementations (e.g., Krivitsky et al., 2023), these chains will
be geometrically mixing toward the target sampling distribution and will provide good approximations
provided sufficient computational resources have been expended. As a final point on the computa-
tional complexity, different model specifications, implementations of MCMC methodology, and block
structures will have different mixing times and thus will require differing amounts of computational
resources. With regards to scalability, access to parallel computing presents a significant opportunity
to improve computation times by exploiting the independence of the block-based subgraphs to paral-
lelize simulation; see discussions in Babkin et al. (2020), which analyzed networks with over 10,000
nodes utilizing parallel computing and an implementation of the stochastic Fisher scoring algorithm of
Hunter and Handcock (2006) in the R package m1ergm (Stewart and Schweinberger, 2019).

2.2. Convergence rates of maximum likelihood estimators

We derive non-asymptotic bounds on the {;-error of maximum likelihood estimators which hold with
high probability. Our results extend those of Schweinberger and Stewart (2020), who derived consis-
tency results for maximum likelihood estimators of canonical and curved exponential-family local de-
pendence random graph models, but did not report rates of convergence. Additionally, Schweinberger
and Stewart (2020) focused on estimation of only the within-block parameter vectors @y . In contrast,
we establish consistency theory with rates of convergence for entire parameter vectors (@ ,60p) of
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exponential-family local dependence random graph models, covering settings where the number of
model parameters and sizes of blocks may tend to infinity, at appropriate rates. The consistency theory
in this work is related to—but distinct from—the results in Stewart and Schweinberger (2020), who
prove a general theorem for establishing consistency and rates of convergence of maximum likelihood
and pseudolikelihood-based estimators of random graph models with dependent edges with respect to
the {--norm under a more general weak dependence assumption. First, we focus specifically on local
dependence random graph models and quantify rates of convergence in the {;-norm for this class of
models and in terms of interpretable quantities related to local dependence random graphs, namely
properties of the block structure, graph, and model. Second, our method of proof is fundamentally dif-
ferent from that of both Schweinberger and Stewart (2020) and Stewart and Schweinberger (2020), and
the consistency theory in this work cannot be proved as a corollary to an existing result.

We outline some notational definitions and regularity assumptions for our theorems to follow, subse-
quently discussing each in turn. Let B (v, r) == {v’ € R4™®) : |y’ — y||, < r} be the open £>-ball with
center v and radius r > 0 and denote by Ayin(A) and Ak (A) the smallest and largest eigenvalues,
respectively, of the matrix A € R4 We write an = O (b ) when there exists a constant C > 0 and
integer Ng > 1 such that ay < C by for all N > Ny, and write ay = o(by) when there exists, for all
6 > 0, an integer No(6) > 1 such that ay <8 by for all N > Ny(6).

Assumption 1. Assume there exist Cy > 0 and Cp > 0, independent of N, p, and ¢, such that

| Ak

ke{l,....K
2)’ e{’ ’ }’

sup sk (ki) lloo < CW(

X ek €EX g,k
sup Iski(xk)llo < CoAr||All,  {k, 1} C{1,....K}.
X1 €Xp g
Assumption 2. Assume there exists € > 0, independent of N, p, and g, such that
Ain (—E V2., (o, X))

A€, w = inf > 0
min, 0B, (0*,€) K

Auin (-E V3, £(6, X))
inf > 0.

9efB;(a*,e) (’2<)

Assumption 3. Define Ay, = K -1 Zf: 1 [Ak| to be the average block size and

Je
min, B

~ Amax (<E V2, €67, ) * Amax (~EVZ, €(6%, X))
A = and A

max, W K max,B = (K)

>

and assume that

Assumption 4. Assume the largest block size Apax == max{|A|,...,|Ax|} satisfies

~ 1/4 275 1/4
min (N/lgax,W) (N /lzl(lax,B)

A <
max Aavg [72 4A§vg 6]2
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Remark 1 (Discussion of Assumption 1). We place a restriction on the scaling of the block-based
sufficient statistic vectors with respect to the sizes of the blocks. The need for this arises out of a need
to derive concentration inequalities for gradients of the log-likelihood, as well as a need to control
third-order derivatives of the log-likelihood function in our method of proof for deriving bounds on the
error of the multivariate normal approximation. The assumption is natural, as it essentially requires that
the values of the sufficient statistics possess an upper-bound which is proportional to the number of
edge variables in each of the respective block-based subgraphs. An example of interest is the transitive
edge count statistic of a within-block subgraph X , discussed also in in Section 1.2, given by

Z xij 1 Z XipXjp 21| < Z xij < (|f;k|)’

i<j:i,jeAg heAR\{i,j} i<j:i,jeAx

which can be viewed as a special case of the geometrically-weighted edgewise shared partner statistic
(Hunter and Handcock, 2006, Stewart et al., 2019). To further contextualize this assumption, it is helpful
to note that Assumption 1 is related to the issue of instability of exponential-families of random graph
models (Schweinberger, 2011). Maximal changes in the sufficient statistic vectors sx r (x) (1 < k < K)
and sg ;(x) (1 < k <[ < K) due to changing the value of a single edge in x are defining characteris-
tics of instability in exponential-family random graph models, in the sense of Schweinberger (2011).
Assumption 1 implies limitations on the sensitivity of the sufficient statistic vectors to changes in the
edges in the graph. Understanding this connection helps to explain why local dependence random graph
models achieve statistical behavior and properties not achieved in early—but flawed—statistical models
of edge dependence in network data (Higgstrom and Jonasson, 1999, Jonasson, 1999, Schweinberger,
2011, Chatterjee and Diaconis, 2013). Lastly, it is worth noting that Assumption 1 could be relaxed
further, allowing for a larger upper bound. The result of this, however, would be looser upper-bounds
on the £>-error and slower rates of convergence.

Remark 2 (Discussion of Assumption 2). Assumption 2 places a restriction on the scaling of the
smallest eigenvalue of the joint Fisher information matrix by placing an assumption on the scaling of
the smallest eigenvalue of the Fisher information matrices —IE ng £(0,X) and —-IE VgB £(0, X) corre-
sponding to the within-block and between-block probability distributions, respectively, in a neighbor-
hood B, (6%, €) of the data-generating parameter vector 8* = (673, ,6%). The local dependence assump-
tion and the assumption that the parameter vector @ = (@, 0g) € RP*? partitions the within-block and

between-block parameters implies that the joint Fisher information matrix —IE V; £(0, X) has the form

-E vgw £(0,X) 0,4
~-EV;£(6,X) = ,
0,.p -E Vg, £(0,X)

where 0,, , is the (m X n)-dimensional matrix of all zeros. Assumption 2 essentially assumes that the
Fisher information matrices are invertible in a neighborhood of the data-generating parameter vector.
Minimum eigenvalue restrictions of Fisher information matrices are standard in settings where the
number of model parameters may tend to infinity (e.g., Portnoy, 1988, Ravikumar, Wainwright and
Lafferty, 2010, Jankova and van de Geer, 2018). Notably, our assumption represents a restriction on
what amounts to an average minimum eigenvalue (averaged over the block-based quantities in both
the within-block and between-block cases). To understand why we have adopted this definition in our
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assumptions (relevant also to Assumption 3), instead of placing a restriction on the minimum eigen-
value of the Fisher information matrices corresponding to each block-based subgraph, observe through
Weyl’s inequality, the bound

M=

Anin (~EV3,, €(6.%) Anin (~E V3., €k (Bw, Xi0))

band
1l

1

K in Ay (-EV2 ¢ e,X).
(ke{rlr}.l.l.],K} m“‘( i (ke (Ow k’k))

If certain subgraphs do not contain any information about certain subsets of parameters, possibly due
to heterogeneous parameterizations that allow different blocks to have different parameters, then it
may be the case that A, (—IE ng Crk k(Ow, Xk k) =0 for some k € {1,...,K} due to singularity.
As aresult and in order to cover more general settings and heterogeneous parameterizations, we place
our minimum eigenvalue restriction on the scaling of the averaged smallest eigenvalue of joint Fisher
information matrices.

Remark 3 (Discussion of Assumption 3). Assumption 3 places a regularity assumption on three key
quantities, the average block size Aayg = K -1 Z,’le |Ak|, the average minimum eigenvalues of Fisher

information matrices A€, and 1¢. _ina neighborhood of the data-generating parameter vector
min, W min

,B

0* = (0{,}, ,0%) (defined in ’Assumption 2), and the average maximum eigenvalues of Fisher information

matrices ;i;lax,W and ;l;ax’ p at the data-generating parameter vector. As will be seen in Theorem 2.1,
Assumption 3 essentially outlines a scaling requirement of these three quantities (in their respective
cases) which ensures consistent estimation under Theorem 2.1, in the sense that the upper bounds on
the £»-error in Theorem 2.1 will tend to zero as the size of the network N tends to infinity. As such,
Assumption 3 can be viewed as a minimal information criterion which requires that we obtain sufficient
information about the parameter vector (0;‘, ,0%) from an observation of the random graph X.
Remark 4 (Discussion of Assumption 4). In our method of deriving concentration inequalities, we
bound factors involving the influence of edge variables in the random graph by the size of the largest
block size, noting that dependence is restricted to block-based subgraphs whose size is dominated by
functions of the largest block size. Similar approaches have been taken in Schweinberger and Stewart
(2020). Notably, Assumption 4 does not assume that the sizes of blocks are fixed and allows these
quantities to grow without bound. However, this assumption places a restriction on how large blocks
can be in order to ensure that the derived concentration inequalities are sufficiently sharp to facilitate
the development of the statistical theory of this work.

2.2.1. Upper bounds on the €>-error of maximum likelihood estimators

The first theoretical result we present establishes upper-bounds on the £;-error of maximum likelihood
estimators for exponential-family local dependence random graph models which hold with high proba-
bility, presented in Theorem 2.1. This paves the way for establishing bounds on rates of convergence of
maximum likelihood estimators with respect to the £>-norm. We will address the question of optimal
rates of convergence in Section 2.2.2, where we outline a set of sufficient conditions for which we prove
the upper bounds in Theorem 2.1 are minimax optimal, in the sense that the upper bounds derived in
Theorem 2.1 match (up to an unknown constant) the minimax rate of convergence.
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Theorem 2.1. Consider a minimal exponential-family local dependence random graph model satisfy-
ing Assumptions 1, 2, 3, and 4 and assume that p = dim(63,) > log N and q = dim(6%) > log N. Then
there exlst constants C >0 and Ny = 3, independent of N, p, and q, such that, with pmbabtlzty at least

1 — N2, the maximum likelihood estimator 6 = (0W, 0 B) € RP*4 exists, is unique, and satisfies
'/‘1'*
—~ max, W p
B =03l < €Ay [

105 — 6%l

IA
a
s

qé

for all integers N > Nj.

Theorem 2.1 provides the foundation for establishing convergence rates in the £;-norm of maximum
likelihood estimators of exponential-family local dependence random graph models. The assumption
that the exponential family is minimal ensures uniqueness of the maximum likelihood estimator when
it exists (Proposition 3.13, Sundberg, 2019). Rates of convergence will depend on

e the dimensions of the parameters vectors p = dim(67;,) and g = dim(6%);

and ([A*

max, B

e the ratios /A€ /A€ and

max w min, W min, B’

o the average block size Aayg,

with rates of convergence depending on the scaling of these quantities with respect to N. Theorem 2.1
additionally provides a set of sufficient conditions for the event that the maximum likelihood estimator
exists to occur with high probability. Related to discussions in Section 1.2, the maximum likelihood
estimator exists in the event s(X) € IM, recalling the definition of IM from Section 1.2 as the mean-value
parameter space of the exponential family. The assumptions of Theorem 2.1 ensure that the probability
of the event s(X) € IM occurs with high probability, provided the network size N is sufficiently large.
This event essentially requires that the sufficient statistic not fall on the boundary of the convex hull
of the image of X under the vector of sufficient statistics s : X — RP*4, i.e., d M. The probabilities
for any fixed network size N, however, will depend on both properties of the network and the model
specification. With regards to the latter, significant heterogeneity, such as in Example 3 in Section 1.2,
can result in a higher-dimensional parameter space and therefore sufficient statistic vector, which can
increase the chance of the sufficient statistic vector falling on the boundary d M, in which event the
maximum likelihood estimator will not exist.

We permit both /l «w and /lma B scale faster than /le minW and /lmm g respectively, provided
consistency is still estabhshed (i.e., provided Assumption 3 is met). Within the context of exponential
families of growing dimension in classical settings of a random sample of independent and identically
distributed random vectors, Portnoy (1988) and Ghosal (2000) obtain similar convergence rates, in their
respective settings. Notably, Theorem 2.1 of Portnoy (1988) arrives at a similar scaling requirement for
the minimum and maximum eigenvalues of Fisher information matrices. A key difference is that both
works place third order assumptions on the models (see the assumptions of Theorem 2.1 of Portnoy
(1988), and Theorem 2.1 of Ghosal (2000)). We avoid the need for such assumptions through the
method of proof of Theorem 2.1, but require a smoothness condition on minimum eigenvalues of Fisher
information matrices, as Assumptions 2 and 3 restrict the scaling of maximum eigenvalues of the Fisher
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information matrix at the data-generating parameter vector 8* relative to minimum eigenvalues of the
same within a neighborhood B, (8*, €) of 8*. If we assume additional regularity in the spectrum of the
Fisher information matrices by assuming that

mm( E V2 f(O*,X))

/l;unW = K = 0(/16' )

S Amin (—]EV%B{’(Q*’X)) ] O(Iﬁ

min, B K
2

then we could prove a corollary to Theorem 2.1 which establishes the upper bounds

"0W 0, ”2 < Aavg ~*
mm w
—~ \/ max,B
||OB - 0};”2 < avg ~ A ’ N P

mm B

which are more analogous to the results of Portnoy (1988). Related to other works within the statistical
network analysis, our consistency results and rates of convergence have key connections to theoretical
results for the 8-model, for example those obtained in Shao et al. (2021), which includes convergence
rates for parameters of the S-model in the £,-norm, and also the - and £;-norms.

As a final point, Theorem 2.1 assumes that the block memberships are known, i.e., the blocks
Ay,..., Ak are observed or estimated without error. In many cases, the block memberships can be
observed through the observation process (e.g., Stewart et al., 2019, Schweinberger and Stewart, 2020).
However, in certain settings this may not be possible and the block memberships must be estimated
(e.g., Babkin et al., 2020, Schweinberger, 2020). In both cases, the results of Theorem 2.1 can be re-
garded as the estimation error of an oracle estimate with perfect knowledge or estimation of the block
structure of the network. The impact of imperfect block membership knowledge on theoretical guaran-
tees (whether through a noisy observation or error in the estimation of block memberships of nodes) is
an open question for future research.

2.2.2. Minimax risk in the {,-norm and optimal rates of convergence

We next turn to the question of whether the upper bounds on the £;-error established in Theorem 2.1
are optimal, in the sense that they match (up to an unknown constant) the rates of convergence of the
minimax risk in the £,-norm.

We define the minimax risk with respect to the £,-norm to be

Fwn = inf sup TFgl@w — 0wl

Gw BcRPHa

. N (6)
ZpNn = inf sup Eg|6p—65|>.

s OcRP*a

The method by which we establish lower bounds to the minimax risk in the {,-norm requires placing
an assumptions on the average value of the largest eigenvalues of Fisher information matrices, similar
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to the roles of /l*dx w and /lmdx g in Theorem 2.1, extended now to a neighborhood B, (8*,€) of 8*.
Fix € > 0, mdependent of N, p, and g, and define

Amax (—E V2, 5(0,X))

A€ = sup
max, W 0B, (0%, €) K
(7N
~ max( EV2 (0. X))
A€ = sup
max. B 0B, (6%, €) (12{)

We first establish lower bounds to the minimax risks Zw n and Zg n in Theorem 2.2, which enable us
to outline sufficient conditions for the upper bounds on the ¢, -error presented in Theorem 2.1 to achieve
(up to an unknown constant) the minimax rates of convergence; see Corollary 2.4. In the following
results, it is helpful to recall that /T s inw and /T € are defined in Assumption 2, /~l* w and a*

n,B max,B
and 1€ are defined in (7).

are defined in Assumption 3, and A€

max, W max, B

Theorem 2.2. (Lower bound to the minimax risk) Consider an exponential-family local dependence
random graph model satisfying Assumption 2. Then there exist constants C1 > 0 and C, > 0, indepen-
dent of N, p, and q, such that the minimax risks Zw N and Zp N defined in (6) satisfy

A A€ RY, a w
P max,
Rw.N = _}i > ¢ | W) ¥ VAavg L
A€ A€ N
max, W max, W min, W
A A€ \/ Pl B
%B,N > - 2 > () min, B = = avg £ s
/ e N A€ AS, N
max, B max,B min, B
provided p = dim(63;,) = O(N /lmdx w) and g =dim(6%) = O(N?2 Aax.8)-
The role of Assumption 2 in Theorem 2.2 is to ensure that both ’Tr;in w and ;{;in  are bounded away

from 0, ensuring all of the lower bounds are well defined, whereas we assume
p =dim(6},) = O(NS, ) and g =dim(0}) = O(N?25,, p) (8)

in order to satisfy a technical condition in the proof of Theorem 2.2. Under the assumption that the
maximum eigenvalues of Fisher information matrices are bounded away from 0, the condition in (8)
requires that p = O(N) and g = O(N?), which places a much less stringent restriction on the dimensions
of parameters vectors when compared with Assumption 3. Two sets of lower bounds are presented in
Theorem 2.2, with the first being the most sharp, but unhelpful in our pursuit of studying whether the
rates of convergence implied in Theorem 2.1 are minimax optimal. The second, though looser, set of
bounds approximately match the upper bounds on the £;-error established in Theorem 2.1. Indeed, this
second set of bounds allows us to establish conditions for such minimax optimality in Corollary 2.4
which is presented below.

Note that the lower bound to the minimax risk presented in Theorem 2.2 considers §* € R”*4. The
fact that the parameter space is unbounded introduces no complications when deriving lower bounds;
however, when turning to the problem of deriving an upper bound to the minimax risk, an unbounded
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parameter space presents new challenges. The following theorem obtains upper bounds on the minimax
risk with respect to the £;-norm in a neighborhood of the data-generating parameter vector.

Theorem 2.3. (Upper bound to the minimax risk) Under the assumptions of Theorem 2.1, there exist
constants C1 > 0, C > 0, and Ny > 3, independent of N, p, and q, such that the minimax risks restricted
to a local neighborhood B, (0%, €) of a point 0* € RP*4 satisfy, for all integers N > Ny,

. - p
inf  sup  EglOw —Owl2 < C1—=—— VAwg,/y
Ow 6B, (0%, ¢€) Amin,W
. —~ \Y /l:nax,B q
inf  sup  Egl0p-0pl < Co—=—— Aag,[75
0 6eB,(0*,¢) /lmin,B N

where € > 0 is the same as in Assumptions 2 and 3 and in (7).

The final result of this section is concerned with outlining a set of sufficient conditions which allow
us to establish the minimax optimality of Theorem 2.1.

Corollary 2.4. Under the assumptions of Theorems 2.1 and 2.2, and the assumption that

;l'e

max, W

- O(If

min’W) and S

— Je
max,B — o (/lmin,B) ’ )
the maximum likelihood estimators §W and O achieve the minimax rate of convergence, in the sense
that the upper bounds on the €y-error of @w and 0 g presented in Theorem 2.1 match (up to an unknown
constant which is independent of N, p, and q) the lower bounds to the minimax risks in Theorem 2.2.

If the exponential-family local dependence random graph model satisfies (9), then Corollary 2.4
establishes the minimax optimality of the rates of convergence for maximum likelihood estimators
implied via Theorem 2.1. Such an assumption is common in the high-dimensional statistics literature
(e.g., Ravikumar, Wainwright and Lafferty, 2010, Jankova and van de Geer, 2018), where it is common
to assume that minimum and maximum eigenvalues of Fisher information matrices corresponding to
the sampling distribution are bounded away from O and from above, respectively. We can interpret
condition (9) similarly, however applied to the joint Fisher information for the entire collection of
random variables in the random graph (in contrast to the sampling distribution from which a random
sample is generated) and in a neighborhood B, (8%, €) of the data-generating parameter vector *.

2.3. Convergence rates of the multivariate normal approximation

A key challenge to any statistical analysis of network data is finding rigorous justification for statistical
inference methodology. The main contributing factor to this challenge lies in the fact that statistical
analyses of network data are typically in the setting of a single collection of dependent random vari-
ables without the benefit of replication. In other words, any statistical inference will be based on a
single observation of a collection of dependent binary random variables. It is common for inference
of model parameters in exponential-family random graph models to utilize the normal approximation
for carrying out inference about estimated coefficients (e.g., Krivitsky et al., 2023, Lusher, Koskinen
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and Robins, 2012, Stewart et al., 2019). Except in select cases, these inferences are performed without
rigorous theoretical justification, owing to the difficulty of obtaining theoretical results establishing
the validity of the normal approximation in scenarios with a single observations of a collection of
dependent binary random variables.

The dependence structure of local dependence random graph models facilitates proof of rigorous
theoretical results justifying the normal approximation for estimators, and in this section, we obtain
rates of convergence of the multivariate normal approximation in scenarios of increasing model di-
mension. It is worth noting that our results imply the univariate normal approximation, as multiple
univariate tests are frequently utilized in applications (e.g., Stewart et al., 2019). Similarly to our con-
sistency results presented in Theorem 2.1, the quality of the multivariate normal approximation will
depend on key quantities related to the block structure, graph, and model specification.

Throughout, Z ; will denote a d-dimensional multivariate normal random vector with mean vector 04
(the d-dimensional vector of all zeros) and covariance matrix 14 (the d-dimensional identity matrix).
The probability distribution of Z; is denoted by @.

In order to establish our multivariate normal approximation theory, we leverage a multivariate Berry-
Esseen theorem provided in Rai¢ (2019), together with a Taylor expansion of the log-likelihood equa-
tion. Utilizing properties of exponential families, we are able to derive non-asymptotic bounds on the
error of the multivariate normal approximation for a standardization of the maximum likelihood esti-
mator, providing the first results which elaborate conditions under which the normal approximation is
expected to produce valid inferences in local dependence random graph models.

Theorem 2.5. Consider a minimal exponential-family local dependence random graph model satisfy-
ing Assumptions 1, 2, 3, and 4 and assume that p = diim(63,) > log N and q = dim(6%) > log N. Then
there exist constants C; > 0, Cy > 0, and Ny > 3, independent of N, p, and q, and a random vector
A € RP*9 such that, for all integers N > Ny and measurable convex sets € C RP*4,

PI(6*)2 (0 - 6%)+A € €) —Dy(Zy € <@0)|

1/4 A7 r’ 7’
< Ci(p+q) " Apax = + =

3 3 N2

(Arinw)? N\ (A, 5)° N

min, min,

where the random vector A satisfies

(e w)? ps e 8)* ¢ 1
PIAL < €2 Afy| Auwg =2 To b AR =2 L | 2 1=
(/lmin,W) (/lmin,B)

The standardization 1(6*)'/2 (5 — 0%) is of a familiar form in multivariate normal approximation
settings. The quantity A can be interpreted as an error term or a random perturbation, arising due
to a Taylor approximation. While our result is stated for 7(6*)!/2 (6 - 6%) +A, an important aspect
of Theorem 2.5 lies in establishing that the random perturbation A to 1(6*)!/2 (5 — 0%*) is small (in
the £,-norm) with high probability, justifying basing inferences and derivations of confidence regions
on 1(6*)1/2 (5 — 0*) in applications. Indeed, under mild assumptions (which we state below), it is
straightforward to establish that ||A||, converges almost surely to 0 as N — oo.

A remark is in order regarding the term (p +¢)'/* in the upper bound on the error of the multivariate
normal approximation in Theorem 2.5. Current results on multivariate Berry-Esseen bounds involve
terms which are functions of the dimension of the random vector (Raic¢, 2019). Here, the total dimension
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of the random vector is p + g, as we are proving the joint multivariate normality of a standardization
of the entire vector of maximum likelihood estimators (§W, 53) which has dimension p + ¢. In other
words, we are unable to separate the error into two terms which are functions of only quantities based
on within-block and between-block quantities, as was done in our consistency theory in Section 2.2.

Typically, both Iy (0§V)1/ 2 and I (02)1/ 2 will be unknown, but can be approximated in practice.
We can approximate both Iy (0;“,) and [ B(()g) through Monte-Carlo methods, as Fisher information
matrices of canonical exponential families are the covariance matrices of the sufficient statistics. This
is a common approach to estimating the Fisher information matrix in the exponential-family random
graph model literature, owing to the fact that models are frequently estimated via Monte-Carlo maxi-
mum likelihood estimation, which already requires simulating sufficient statistic vectors (e.g., Hunter
and Handcock, 2006, Krivitsky et al., 2023), and discussed in Section 2.1.

Under an additional regularity assumption, we can simplify the bounds presented in Theorem 2.5.

Assumption 5. Assume that there exist constants L > 0 and U > 0 such that

0 < L < min{/le. A€ < max{/l* /l:m’B

min, W~ min,B} = max, W~ } < U, (10)

for all values of N, p, and q.

Assumption 5 is reminiscent of minimum and maximum eigenvalue restrictions in the high-
dimensional statistics literature, where it is common to assume the minimum and maximum eigen-
values of Fisher information matrices are bounded away from O and from above, respectively (e.g.,
Ravikumar, Wainwright and Lafferty, 2010, Jankova and van de Geer, 2018). Assumption 5 can be
interpreted similarly, though applied to the averaged minimum and maximum eigenvalues of the joint
Fisher information matrices; see also the discussions following Corollary 2.4.

Under Assumptions 1, 2, 3, 4, and 5, we may leverage Theorem 2.5 to establish, for all measurable
convex sets ¢ C RP*4, the new bound of

_ 3 3
[PUO*)2@-0%) 48 € 6) - Pa(Zac€) < Cilp+0) Al |V 5 +1/55 |-

where A now satisfies

5 5 1

p q
P ”A"Z <G A16nax\/A ~ +Aivg ﬁ 2 - m

avg N

In certain settings, it may be the case that properties of the network limit the sizes of the blocks, in
which the size of the largest block Ap,x may be bounded for all network sizes. Under the additional
assumption that the sizes of the blocks are bounded above, we can absorb the quantities involving Amax
and A,y into the constants Cy > 0 and C; > 0 in the above bounds. This results in the following simple
bounds on the error of the multivariate normal approximation:

_ 3 3
PI(6*)2(0-0%)+A € €)-Dy(Zac?®)| < Cl(p+q)'/* \/%+‘/% ,
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where A will then satisfy

5 5
Poa) ., 1

PIAL < Gy B+ I ) = 1o

i

for all measurable convex sets 4 C RP*4. Note, in the above results, that the probability bounds ap-
proach 1 sufficiently fast, allowing us to establish, through the Borel-Cantelli lemma, that ||A||, con-
verges IP-almost surely to 0 as N — oo, provided the upper bounds on |A|, tend to 0 as N — co.
Finally, to deliver a simple and easily interpretable result for statistical inference, we prove a corollary
to Theorem 2.5 establishing the asymptotic multivariate normality of maximum likelihood estimators.

Corollary 2.6. Under the assumptions of Theorem 2.5, Assumption 5, and assuming

6 A 2 7 1/4 47 P g
1\}{)1’100 max Amax AanN"'Aavg m, (p+q) / Amax F + m = 0,

we have the distributional limit 1(0*)'/? (5 -6%) ki Zpig as N — oo

Corollary 2.6 can be proved directly by observing that the assumptions of the corollary ensure the
error bounds in Theorem 2.5 converge to 0 in the limit as N — oco. As a result of Corollary 2.6, standard
procedures for constructing confidence regions, univariate confidence intervals, and performing statis-
tical hypothesis tests for significance of parameters are justified using the asymptotic approximation of
the variance-covariance matrix 1(*) = V s(X), which we discuss above. When the sizes of the blocks
are bounded as above, the essential condition for asymptotic multivariate normality becomes

5 5
lim |2+ L = o,
N —o0 N N2

restricting the maximum growth with N of the dimensions of the parameters vectors p = dim(6y ) and
g = dim(@g), suggesting that both p = dim(fw ) = o(N'/%) and g = dim(8) = 0(N?/°) must hold in
our theory for the error of the multivariate normal approximation to vanish in the limit as N — oo.

Up to now, we required knowledge of the Fisher information matrix 7(6*) = V s(X). We end the
section with a result concerning the estimation of this term for practical implementation. We define

E[-Vg,, ((6*,X)] B[-V3_ ((6*.X)]

X, = and Iy =
w B K
K (2)
Natural estimators for each are given by
- 1 &
Iw = x Z (sk.k (Xik) = 5w (Xw)) (sk.x (Xik) = 5w (Xw)) "
k=1
~ 1 3 B
Ig = —& Z (sk.0(Xk0) =58(XB)) (ski(Xia) —58(Xp))"

(2) 1<k<I<K



20

with the definition

K

_ 1 _ 1

sw(Xw) = Ezsk,k(xk,k) and sp(Xp) : @ Z Skt (X k1)
- 2) 1<k<i<k

The following theorem establishes bounds on the error |||TW - T;‘V I and |||7 B— TE [l> which hold with
high probability, where || - ||> denotes the spectral matrix norm.

Theorem 2.7. Under the assumptions of Theorem 2.5, the events

- [p IOg(p)
”|IW - Ia/ |"2 < C Amax Aan A;ax w (

- [a1og(q) /
|||IB - IE "|2 < C Arznax Aan max N2

jointly occur with probability at least 1 —4 N2,

The conclusions of Theorem 2.7 reiterate the conclusions of our previous theoretical results, that if
certain quantities related to the sizes of blocks and properties of models through the spectral properties
of Fisher information matrices are sufficiently well-behaved, and the dimensions of the parameter vec-
tors do not grow too quickly with N, then accurate estimation and valid inferences of parameter vectors
of local dependence random graph models will be obtained with high probability.

3. Simulation results

3.1. Simulation study 1: Convergence rates of maximum likelihood estimators

Simulation study 1 demonstrates that the rate of growth of the dimension of parameter vectors plays a
key role in the finite sample performance. We consider three cases in a setting which controls certain
aspects of the graph. Throughout this study, we assume that the sizes of the blocks are all fixed at 50,
i.e., |Ar|=50forall k € {1,...,K}. In order to vary the size of the network N, we vary the number of
blocks K € {1,5, 10, 15,20}, which results in networks of size N € {50, 250, 500, 750, 1000}. We focus
on a special case of Example 3 from Section 1.2, by assuming that each node i € N is assigned to a
group Gi,...,Gn (M > 2). The specific form of this model is then given by

M
Po(X=x) o exp| D Omsm(®) + 0t st () |

m=1

where

Sm(x) Z Z Z Xijs me{l,...,M},

=1 ieANGm jeA\{i}
and

K

Smi1(x) = Z Z xij 1 Z Xi,pXjn = 1|

k=1 i<j:ieAg,jeAx heA\{i,j}
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Figure 2. The results of Simulation study 1, which demonstrates the trade-off in finite sample performance of
maximum likelihood estimators based on the number of model parameters and size of the network. Each boxplot
for each combination of case and network size is based on 500 replications. Boxplots display the empirical distri-
bution of the ¢,-error, whereas the red lines track the 95% sample quantiles and the blue dashed lines track the
error bounds predicted by Theorem 2.1.

For this simulation study we will focus on the within-block parameter vector in order to easily compare
the trade-off between the dimension of the parameter vector p and the size of the network N. We can
then assume that X; ; = 0 with probability one for all {i, j} C N belonging to distinct blocks, i.e., the
between-block subgraphs X ; (1 < k <[ < K) are empty subgraphs with probability one.

We consider three cases:

e Case 1: M =3, in which case p =4 for all N € {50,250, 500,750, 1000}.
e Case 2: M = [N?/5], in which case p € {6, 11, 14, 16, 17} depending on the size of the network.
e Case3: M = [\/N'| , in which case p € {9,17,24,29,33} depending on the size of the network.

For each case and network size N € {50,250, 500, 750, 1000}, we simulate 500 networks from Py where
Ormye1=.5and (01,...,0p) itd Unif(—1.5,-.5). The value of 6, ensures there is a reasonably strong
tendency towards transitivity in the network, and the values of (6y,...,0y7) result in networks with
plausible densities. The results of the Simulation study 1 are summarized in Figure 2.

The finite sample performance of this study suggests, as would be expected based on the results of
Theorem 2.1, that the rate at which the £,-error converges to 0O is fastest in Case 1 for which the model
dimension is fixed, and slowest in Case 3 for which the model dimension is on the order of VN. We
compute a predicted error bound based on Theorem 2.1 by estimating the constant terms, which in this
simulation study include the average block sizes A,y and the largest block size Amax, as well as the
terms quantifying averaged eigenvalues of the Fisher information matrices. This can be accomplished
by estimating constants for each network size by

Cn = On.os / ‘/%, N € {50,250, 500, 750, 1000},
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where O 95 is the 95% sample quantile of the £>-errors of the maximum likelihood estimators based
on the 500 replications, and then using the estimate
~ 1 —~
C =3 > Cn
N €{50,250,500,750,1000}

to obtain an overall estimate of the constant term. The predicted error bounds are then defined as

Eny = C.|2 N € {50,250, 500, 750, 1000}.

The dashed blue lines track the values of Ey in Figure 2, whereas the red lines track Oy, 5.

Notably, the predicted error bound closely matches the 95% sample quantile of the simulated ¢>-
errors. Theorem 2.1 establishes a bound which should hold with high probability, provided N is suf-
ficiently large. Figure 2 demonstrates that the predicted error bounds most closely match the realized
95% sample quantile of the simulated £;-errors for larger network sizes. It is also worth noting that an
additional source of variation here may be due to the fact that the constant term is not actually constant
in the network size, as the quantities A* and A7, may depend on N. With that said, though, the

max, W :
simulation reveals close agreement with the predicted error bounds.

3.2. Simulation study 2: Error of the normal approximation

The second simulation study we conduct explores the error of the normal approximation, leveraging
results in Theorem 2.5. We consider the same probability distribution as in Simulation study 1, in the
following two cases:

e Case 1: Fixed parameter dimension p =5 with M =4 categories of each node group and networks
of size N € {250,500, 750, 1000}.

e Case 2: Growing parameter dimension p =2 K with M =2 K — 1 categories of each node group,
where there are 50 nodes per block and the number of blocks vary over K € {5, 10, 15,20}, result-
ing in networks of size N € {250, 500, 750, 1000}.

We generate 500 replications in each case, simulating networks from the same probability distributions
as in Simulation study 1 and in the same manner.

We study the quality of the normal approximation by constructing confidence intervals for the transi-
tive edge parameter and Quantile-Quantile plots for the standardized maximum likelihood estimator of
the transitive edge parameter. Our results demonstrate the empirical Type I error in the former matches
the theoretical Type I error, with the Quantile-Quantile plots not revealing significant departure from
normality. For each case, we constructed 95% confidence intervals and computed the empirical Type I
error control. Letting 6,1 and 6,,,+; denote the transitive edge parameter and the maximum likelihood
estimator of the transitive edge parameter, we leverage Theorem 2.5 to construct confidence intervals:

P (9:1+1 € [§m+l —qdl-a/2 V [S_l]m+1,m+l, §m+l +q1—(l/2 \[ [S_l]m+l,m+l]) ~1- a, ae (0’ 1),

where gi_,/> denotes the (1 — a/2)%-quantile of the univariate standard normal distribution and
S denotes the sample variance-covariance matrix obtained by sampling sufficient statistics through
MCMC methods; see the discussions in Section 2.1. For Case 1, the empirical coverage was
(.96, .95, .95, .96) corresponding to network sizes of (250,500,750, 1000), and for Case 2, the same
was (.96, .95, .95,.96) corresponding to network sizes of (250, 500, 750, 1000). The Quantile-Quantile
plots for each case across the different network sizes are presented in Figure 3.
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Figure 3. Quantile-Quantile plots showing the results of Simulation Study 2. The sample quantiles of the standard-
ized maximum likelihood estimates of the transitive edge parameter are plotted against the theoretical quantiles
based on the standard normal approximation in each of the two cases studied in Simulation study 2 across networks
of size N € {250,500, 750, 1000}.

4. Conclusions

In this work, we have proved the first rigorous theory for both estimation and statistical inference of
local dependence random graph models. We have established minimax optimal rates of convergence in
the £»-norm of maximum likelihood estimators of exponential-family local dependence random graph
models, accompanying these results with finite-sample error bounds on the multivariate normal ap-
proximation of a standardization of maximum likelihood estimators. Notably, our results allow for both
the number of parameters and the sizes of blocks to grow unbounded with the size of the network.

Our consistency and normal approximation theory are non-asymptotic, although we have stated help-
ful asymptotic results along the way, which enable us to understand how key aspects of the model
(through the spectrum of Fisher information matrices and the dimension of parameter vectors) and
properties of the network (through the number and sizes of blocks and nodes) impact rates of conver-
gence for both the statistical error (in the £;-norm) and the multivariate normal approximation. Our
results cover general settings and heterogeneous parameterizations, as exemplified in the examples in
Section 1.2 and our simulation studies in Section 3, which allow our results to cover a broad scope.

Results were derived under the assumption that we have perfect knowledge of the block member-
ships of nodes in the network. This may be reasonable in certain settings where we can observe the
block memberships of nodes, but might be violated in other settings where we obtain imperfect obser-
vations of the block memberships of nodes, whether through a noisy observation process or error in
the estimates of the block memberships. The effect of imperfect knowledge of the block memberships
of nodes on the aforementioned errors and convergence rates is an open question.
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1. Proof of Theorem 2.1

Our method of proof utilizes a general M-estimation argument. For ease of presentation, we first intro-
duce the general argument and then apply the general argument to maximum likelihood estimators of
exponential-family local dependence random graph models to obtain the results of Theorem 2.1.

General M-estimation framework for rates of convergence. Consider a random estimating func-
tion m : R? x X — R and define M (8) := Em(6, X) for 6 € R?. We make the following assumptions
concerning m(6,x) and M(6):

1. Assume that m(6,x) is concave in # € R¢ and continuously differentiable at all # € R and for

allx e X.

2. Assume that M (0) is strictly concave in € R? and that * € R is the unique global maximizer
of M(0).

3. Assume that M () is twice continuously differentiable and that there exists an € > 0 (fixed) such
that the negative Hessian H () = —Vg M (8) of M(8) is positive definite for all § € B,(0*, ¢).

1
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When m(6,x) is the log-likelihood corresponding to a minimal exponential family, standard expo-
nential family theory establishes that the above conditions (1) and (2) hold (e.g., Proposition 3.10 of
(Sundberg, 2019)). As a result, Vg M (8*) = 0,4, where 0 is the d-dimensional zero vector. By Theorem
6.3.4 of Ortega and Rheinboldt (2000), if the event (for 6 > 0)

inf (0-60*, Vgm(0,X)) > 0 (1)
0c0B,(6*, 5)

occurs, where 9B, (6%, §) denotes the boundary of B,(6*, §) := {6 € R? : |0 — 6*||, < 6}, then a
root of Vo m(8, X) exists in B, (6*,6) := B»(6*, §) U B, (6, 5), in which case a global maximizer
0o = argmaxg.pa m (0, X) exists and satisfies |6y — 0% [ < 6.

The key to our approach lies in demonstrating that condition (1) holds with high probability for a
chosen ¢ € (0, €) (e > 0 fixed) which helps to establish rates of convergence of estimators. In order to
do so, we leverage the multivariate mean value theorem to establish that there exists, for each parameter
vector € 9B, (0*, §), a parameter vector

0 = t0+(1-1)0* € By(0*,6) c Br(0* ¢€), forsometre(0,1),
such that

(60 —6*, Vg M(0)) (0 —6*, Vo M(6%)) + (6 — 6%, H() (6 —6%))

(6-6*, H(6) (6 -6)),

recalling that Vg M (8*) = 0. Observe that

(6 - 6%, H(6) (6 —6%))
(6-6*,0—6%)

(0-0%, H() (0 -0%) = 10 -6*123 > Awmin(H(8)) 62,

noting that the Rayleigh quotient of H () is bounded below by the smallest eigenvalue Ay (H(6)) of
H(#) and that ||@ — 8* |, = 6 for all @ € dB,(6*,6). As a result,

inf  (8—60%, VoM(0)) > inf  Amin(H(0)) 6% )
0cdB,(6*,6) 0cB,(0*,6)

As 9B (0*,8) C By (0%, ),

inf /lmin(H(a)) 2 inf ﬁmin(H(o)) > 0, 3)
0cB,(6*,6) 0cB,(6*,¢)

by the assumption that H (@) is positive definite, and thus non-singular, on B,(68*, €); Assumption
2 ensures this condition for maximum likelihood estimators of exponential-family local dependence
random graph models. As a result of (2) and (3), the event

sup  [(0-6* Vom(0,X)-VoM(0))| < inf  Amin(H(0))6> @
0B, (0*,0) 0B, (0%, ¢)

implies the event (1). Thus, demonstrating that event (4) occurs with probability at least 1 — N> demon-
strates that event (1) occurs with probability at least 1 — N2
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Rates of convergence for maximum likelihood estimators. The log-likelihood equation of an
exponential-family local dependence random graph model has the form

K
t(0,x) = Z:é’k,k(l‘)w,xk,k)+ Z Ce1(0B.Xk 1),
=1 | <k<l<K

which implies that the maximum likelihood estimator 0= (EW , 53) is given by

K
Ow = argmax Z Ok (Ow . Xk 1)
Ow €RP k=1

&)

0p =argmax Z Cr1(0B, Xk 1),
OBERY | <p i<k

owing to the fact that the subgraphs Xy ; (1 < k <[ < K) are independent and that the parameter
vectors By and 6 p partition the parameters in 6. Hence, each optimizer in (5) can be found separately
and independently. Define

K

mwy (Ow,xw) = Z Lk (0w, Xk k)
=1

mp(0p,xp) = Z Ck1(0B, Xk 1),
1<k<I<K

My (0w) =Emw (0w, Xw), and Mp(0p) :=Emp(6p, Xp), where
Xw =(X11,....Xk k) and Xp:=(X12,...,X1,k,X23,X24,...,XKk-1.K)-
Due to the above considerations,

Hy (0 0
H@®) = -EV}{((0,X) = ( wow) - O )

Oq,p HB(OB)

where 0, is the (d X r)-dimensional matrix of all zeros, and where

K
Hw (0w) = ) Hex(6w) and  Hp(Op):= > Hii(0p),
k=1 1<k<I<K

with the definitions

Hy ((0w)

H; (6p)

—Evngk,k(aw,xk,k), forall1 <k <K

-E VgB Ce1(0B, X11)s foralll <k <I<K.

Note that the interchange of differentiation and integration in this setting is trivial as the expectations
are finite sums.



We demonstrate that event (4) occurs with probability at least 1 — N2 for the within-block and
between-block cases separately. Assumption 2 ensures that

5 ) min ( ( )) min, W
2( . ) mln( B( B)) (2) min, B

Let 6w € (0, € /V2) and 65 € (0, € / V2), and assume @y € 0B1(03,,0w) and Op € dB2(0%.5B).
By assumption, (8w ,0p) € Bo(8*, €). Thus, using (6), we can rewrite the events in (4) as events

(0w — 6%, Vo, mw (Bw, Xw) = Vo, M (Bw))| < 6%, K45,
K\ ~
{0 — 0%, Vo, mp(05,XB) — Vo, Mp(05))]| < oy (2) Asin B

By the Cauchy-Schwarz inequality,

(0w —63,, Vo, mw (8w, Xw) — Vo, Mw (6w ))]
10w — 6%, 112 [Voy, mw (Ow, Xw) — Vay, Mw (0w )2
ow IVey, mw (0w, Xw) — Vg, Mw (0w )ll>.

IA

Similarly,
(0B — 0%. Vo, mp(0p,XB) — Vg, Mp(03))]
< 6g|Vo, mp(0p.XB) — Vo, Mp(03)]>.

It therefore suffices to demonstrate, for all Oy € 382(0"5‘, ,0w) and g € 0B,(0%,6p), that events

ow K A€

min, W

IVoy, mw (0w, Xw) — Vo, Mw (Ow)|2

Vo, mp(0p,Xp)— Vo, Mp(63)|>

IA

(7

IA

o5 (5)AS

min, B

occur with probability at least 1 — N~2. Define, for all 7 > 0, the events

Dw () = {x eX sup IVoy, mw (0w, Xw) — Vo, Mw (Ow )2 = t}
Ow EBBz(ea,éw)
Dp() = {xeX sup Vo, mp(0p,XB) — Vo, Mp(0p)|> > 17 .
036032(02,(53)
By Lemma 7.2,
sup [Voy, mw (8w, Xw) — Vo, Mw (Ow)l2 = [Vey tw (63, Xw)l2
HW E(’)'Bz(a‘cv,b‘w)
sup Vo, mp(0p,XB) — Vo, Mp(0B)l> = Vo, ta(6%.XB)|>,

0p 2632(0;,63)
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and applying Lemma 1.1, we obtain the bounds

52 (/‘ie )2 K2
T W A min,W
IP(@W (6W Kae. )) < exp|l-———= : — +log(5) p
min W SK B +Cw Aax VP Ow 15, 1w K
and
~ 2
6% s )% (%)
oy B “""min,B 2
]P(DB (63 (5) e, B)) < exp|- — : — +log(5)q]|.
mlﬂ, 5 (12<) ﬂ;ax,B +2 CB AIZTlaX \/663 /lrfnin,B (12<)
Choosing
[;l'*
max, W
5W = ,BW ~e— E > O,
/lmin,W

for a value of Bw € (0, o) to be given, establishes

5 —
'BW p K/lgax,W

5K w+CwBw A2 DA /K/lgax,w

]P(@W (6W/l§nn,WK)) < expl|-

+log(5) p|.
Using Assumption 4, the assumption that

~ 1/4

N A*
W L = ~
Amax < (%) implies A2 p+ /K/l;ax,w < K/l;ax,W’

avg P

defining Aqyg = K~' Y 5_, |Ax| and using the identity

K K
1
N = A = K— A = KAV 8
; el K; ¢l - ®)

Hence,

exp| —

B pK A
W max, W 1 (5)
5KA

max, W + CW ﬂW Afznaxp VK/l;ax,W

) —~
pl- ﬁWpK/l;ax,W
5+ Bw Cw)KI*

max, W

IA

+10g(5)p)

2
exp ((—54_5% +log(5)) p) .

To obtain the desired probability guarantee, we require

2

SR A— = 2
5+ 8w Cw +log(3) ’
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which in turn requires a solution Bw € (0, co) to the quadratic equation
B3, — Cw (2+10g(5)) Bw —5 (2 +1log(5)) = 0.

Using the quadratic formula, such a root is given by

Cw (2+1og(5)) + \/C%V (2+10g(5))% +20(2 +1og(5))

Bw = : > 0,

which in turn establishes that
P (Dw (6w Loy K)) < exp(=2p).
Under the assumption that p > log(N),
P(Dw (6w A K)) = =5
Similarly, choosing

V mde
53 K > 0
2

mm B

for a value of Bp € (0, c0) to be given, establishes

< exp|-— +log(5)q .

- 5 (%) 2

))) ﬁBq( )/l;axB
maxB+2C3ﬂBAmaxq ( )’lrtlax,B

P (D (655, 5 (5

Using Assumption 4, the assumption that

N2 Z* 1/4
B . . K\ 7; K\ 75
Amax < ﬁ) unphes Arznax q ( 2 ) /l;ax,B = (2 ) /l;ax,B’
avg

once more using the identity in (8). Hence,

By a(5) s
exp| - B ( ) max,B +10g(5)q

5( )/I:I(IaXB‘FZCBﬁBAmaXQ\/( )/l;mxB

By a(5) 1%
< (_ B ( ) maxli log(S)q
(5+2CBB) (5) Vx5
BZ
= — +1
exp(( 5+2Cs s +1log(5)| ¢
To obtain the desired probability guarantee, we require
2
Py +log(5) = -2,

" 5+2Cgpfs
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which in turn requires a solution 8p € (0, ) to the quadratic equation

By —2Cp (2+10g(5)) Bp — 5 (2 +log(5))

Using the quadratic formula, such a root is given by

B = Cp(2+log(5))+ \/C123 (2+10g(5))%2 +5(2+1og(5)) > 0,
which in turn establishes that
(®B (6W /lmm B (12())) < exp(=2¢).

Under the assumption that ¢ > log(N),

P (Dw (68255 (5))) < N

As a result, event (7) occurs with probability at least 1 — N ~2, implying that, with probability at least
1 — N2, the maximum likelihood estimator § = (0w ,0p) exists uniquely and satisfies

\/ /l:”lax w E
K

mm w

0w — 6% 112

IA

/16

min, B

-~ * V/l;mXB q
"03_03”2 < BB—— e
(3)

Uniqueness of (EW,EB) follows from the assumption that the exponential-family local dependence
random graph model is minimal (Proposition 3.13 of Sundberg (2019)). We convert the bounds in
terms of K to N by utilizing (8) again to show that

[I* /
max, W p maxW
[Bw =63 I e N

< IBW ~ = Aavg ~€
ﬁmin,W mm w
J* \ //1*
o~ max,B q max, B
105 — 0;;”2 < BB /IE— . = Agvg —— /
min, B ( 2 ) mm B

using (12{) > K2 /4 in the second case, and defining C| := Sw > 0 and C, := 2 8 > 0. Both are inde-
pendent of N, p, and q.
Finally, we show the restriction to B, (68*, €) to be legitimate. Assumption 3 ensures

. \/ max, W \/ max,B
lim avg —= =0 and lim Apg ——— =0.
N —o0 N — A€

mm w mm B

As such, there exists an Ny > 3 such that, for all 1ntegers N > NO, we have max{éw 0 B} < €/V2. Thus,
for all integers N > Ny and with probability at least I — N2, the unique vector 0 < O satisfies

[6-60%1 = \low — 03,12 +105 - 052 < 53 +0} < e



which implies, for all integers N > Ny, that
P(l6-0*<e) = 1-N2,

justifying the restriction to the subset of the parameter space B, (0*,¢) c RP*4. O

1.1. Auxiliary results for Theorem 2.1

We prove a concentration inequality for gradients of the log-likelihood which is utilized in the proof of
Theorem 2.1.

Lemma 1.1. Under the assumptions of Theorem 2.1,

62
P V f‘}\/ 0 ,X‘/V < 0 > l—eXp - = +1log(5
(” Ow ( )”2 ) 5K *ax! C zax\/_ g( )P)
P {p(0 — - ’ +
\% * X <6 > 1-ex — log(5) g1,
(” 0B B( B)"Z ) p S(Kz)/l N zax\/_; g( )q

for all 6 >0, where Cy > 0 and Cg > 0 are the same constants as in Assumption I.

PROOF OF LEMMA 1.1. We first prove the result for the within-block case, and then discuss exten-
sions to prove the result for the between-block case, noting that the two proofs are essentially the same
with only a couple of notational changes.

Following the method utilized in the proof of Lemma 8.4 of Chen, Gao and Zhang (2022), define
U ={u € RP : ||lul; <1} to be the closed unit ball in R”. By Corollary 4.2.13 (p. 78) of Vershynin
(2018), there exists a subset ¥, C % (for € € (0, 1)) which is an e-net of % C R” such that the cardi-
nality of the set ¥ satisfies log| 7| < p log(2€e~! +1). Taking € = 1/2, there exists, for eachu € %, a
v € ¥ satisfying |u —v|]; < 1/2, where log|7),2| < p log(5). For ease of presentation, define

G = ng fw (G;V’ Xw).
For any u € 7%, with the corresponding v € 7/ 5, the Cauchy-Schwarz inequality implies
u,Gy = (»,G)+{u-v,G)
., G) +u—-v|21Gl2

IA

®)

A

1
< (2.6 +3IGl,

using the fact that ||u — v||; < 1/2 in the last line. Next, choosing

G;
Ui = 557> i€{19-~'7p}7
l 1G>

ensures that |||, < 1 so that the chosen u exists in 7. By writing

1 & IGI3
(u,Gy = —— » G = = |Gl
||G||2; i

1G12
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we revisit (9) to obtain, using the above identity and re-arrangement, the inequality

IGl, < 2 max (v, G), (10)

€N

where we take the maximum over v € ¥}, since we cannot be sure which v € ¥}/, would correspond
to our choice of u € % above. A quick remark is in order regarding the case when |G|, = 0. Note that
the above implicitly assumed |G|, # 0. In the event where ||G|» = 0, the inequality (10) remains true
trivially, because G =0, and (v, G) =0 for all v € #]/,. As a result of (10) and for § > 0,

P (IVoy, tw (8%, X)2<6) = P

2 max (v, G) < 6)

velip

1-P

velip

2 max (v, G) > 6) .
We next focus on bounding the probability

P2 max {v,G)>6

veli

< exp(p log(5)) m;}x P ((v, G)> g) ,

ve 1/2

where the inequality follows from a union bound over the set of v € #|/, and using the fact that
log |71 2| < p log(5). For a given v € 71>, Lemmas 7.1 and 7.2 allow us to write

p K

P
v,G) = Z vi [Vaw fW(OCV,XW)],- = Z Vi [sk ki (Xik) = Eseori(Xier)] -
i=1 i=1 k=1

Observe the following two key facts:

1. (Mean zero) The sum of random variables (v, G) satisfies IE (v, G) =0.

2. (Sum of independent random variables) The sum of random variables

Vi [siori(Xix) = Esii(Xek)]

v.G) = )

K [P
k=1 Li=1

is a sum of mean zero independent random variables for fixed v € % /2, because, by the local
dependence assumption, the collection of random variables
P
Z Vi [skki(Xex) —Eseri(Xer)],  ke{l,....K}, (11)
i=1

is a collection of independent random variables for fixed v € 77 ;.



10

Together, these two points ensure the assumptions of Bernstein’s inequality are met (e.g., Theorem
2.8.4, p. 35, Vershynin, 2018). Along this path, we first evaluate the variance term by writing

V{v, G)

M TM= T T

P
v Z Vi [Sko,i(Xik) = Esiop,i(Xiee) ]

Il
—_

Cvist,r,i( X x)s vjsik,j (X))

Me 1M
s

Il
~
Il

e

vivi CCspk,i( X k)s Skk,j(Xi k)

(v, I 1 (6%) v>
k=1

= (v.Iw(8%)v)

ﬂmax(IW (0*)) "v”%

IA

gamaxuw 6%)).

IN

where Amax (Iw (%)) is the largest eigenvalue of Iy (8*), and using the inequality

<

Pl < lula+lu-vl2 < 1+5 <

s

[
N | W

where the construction of the e-net 71/, of % with € = 1/2 ensures the existence of such a u € % to
make the above inequality valid. This yields the final inequality

9 9
vrél%);sz, G> < Z/lmax(IW(O*)) = ZK/lgax,W’

defining

T _ /lmax(—]EVf)WZ(e*,X)) ~ Amax (Iw (0%))
max,W K - K .

We next bound the absolute value of each random variable in (11) P-almost surely. By Assumption 1,
there exists a constant Cyy > 0, independent of N, p, and ¢, such that

A
max sk (Feadleo < Cw (l "l), ke{l,...,K}. (12)
k

X,k €Xp, 2
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Hence, by the Cauchy-Schwarz inequality and using (12),
P

Z Vi (Skk,i (k) = Espr,i(Xi k)

i=1

max sup
ke{l,..., K}xk,kexk,k

< max sup  [Ivll2 lsk,k (xp,k) = Esk i (Xi i) 2
kel K} xp g eXp k
<3 ma P sk () — Esii (Xe o)l
< = X su Sk (X ke k) — Esg ke (Xi ) 2
2 \kefl,..., K} xppeXpr
3VP
< 2| max sup sk ke (ki) = Esg i (Xi,i) o
2 \kefl....K} X ke €Xpe ke
< 3+p ax sup sk (ke k) Moo
\/_(ke{l ’’’’ K} xp e eXpx
A
< 3«/77CW( ‘;)
3Cw
< TArznax P

noting the bound ||v||; < 3 /2 demonstrated above. With these bounds, we apply Bernstein’s inequality
(for just the upper-tail) (e.g., Theorem 2.8.4, p. 35, Vershynin, 2018) to obtain

§2/2 )

P (.G - i
(0.6) =9 exp( O/ DKL v+ (B Cw [2) Aqax VP /3

IA

IA

exp

52 )
SKXw +CwAb VP 6
Collecting results, we have shown, for ¢ > 0, that

2
_ g + log(S)p) .

IP(”V@W fw(e* ,Xw)”z < 5) > l—exp —
SKA . w +CwARu P S

Changes for the between-bock case. By a similar argument,

52
—
5(2)/1;3)(’3+2CBA,2W\/55

P (||VgB tg(0%,XB)| < 6) > l—exp (— +1log(5) q),

for 6 > 0. We highlight the main changes to the above argument. First, we now take

G = VgB fB(OE,XB).
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Second, the dimension p of 8%, € R” is replaced by the dimension ¢ of 8% € RY. This implies that
log |71 2| < qlog(5). Third,

»,Gy = )

1<k<I<K

q
Z Vi [si,ni (X)) —Bsgri(Xi)|
i=1

)

which implies

9 9 (K\ ~
Viv,G) < Z/lmax(IB(e*)) = Z(z)/l;ax,B’
defining
= /lmax(_EV%gg(g*’X)) Amax(IB(a*))
/lmax,B = K = K ’
(2) (3)

Fourth, and finally, we have the bound

q

Z vi [si0i(r) = Esgi(Xen)]

i=1

X sup < 3CpAZ. V3.

ma.
{k»l}g{l ----- K} xk’lexk,,

Together, these changes will yield the inequality

62
+2CpA2 VGO

P (Ve (B (6%.XB)|2 < 6) > 1 —exp (— +1log(5) q),

5(5) 4,

max, B

for 6 > 0. 0

2. Proof of Theorem 2.2

Our method of proof utilizes Fano’s method for lower bounding the minimax risk. We present a general
argument for lower bounding the minimax risk for exponential families utilizing Fano’s method and
then apply the obtained general argument to our specific cases.

General argument. Consider an exponential family of densities {fp : § € R™} for a finite support
X given by

fo(x) = h(x)exp((0, s(x))—y () > 0, xeX,

data-generating parameter vector *, and define the minimax risk in the £>-norm to be

% = inf sup Eg|f—6|s.
6 6cR™

In the case that fy(x) =0 for some x € X, we would simply reduce the support to
Xy = {xeX: fyp(x) >0},

obtaining a family of strictly positive densities on Xj. For ease of presentation, we therefore proceed
without loss of generality assuming that { fp : @ € R} are strictly positive on the support X.
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Let € > 0 be fixed and consider y € (0,€). Assume that {61,...,0p} C Bo(8*,y) (M >2)is a
2 ¢-separated set in the metric d(v,w) = v — w2, i.e., d(0;,0;) > 26 for all pairs {i, j} € {1,...,M}.
Then, by Proposition 15.12 (p. 502) of Wainwright (2019) and the discussions following, the minimax
risk & has the lower bound

2> 5 [1 B Z +1og(2)
log M
where
= max KL(8;,6;), (13)

{t,jrc{l,...M}

defining the Kullback-Leibler divergences

KL(0:.0)) = . fo,(x) log fo,(x)

rex Jo, (x)’ (.7} c{l,....M}.

For an exponential family, we can express KL(6;,6;) as

KL(6:.6,) Z Jo; (x) [log hi(x) = log h(x) +(0; =8, s(x)) =¥ (8:) +y(6)]

xeX
g, (0; — 0}, s(X)) -y (0;) +y(8))
(0;—0;, u(0;)) —y(0;)+y(8;),

defining u(0) := [Eg s(X) to be the mean-value parameter map of the exponential family. Using Corol-
lary 2.3 of Brown (1986), we perform the expansion

(14)

w(0;)

DO+ (0~ 01, 1(O)) + 540, - 01, 10) (0~ 60)
(15)

U0 = (00, 1 (0)) + 3 (8- 0, 10) (6 -0,),

where 0 =16; + (1 —1) 0 (for some ¢ € (0,1)) and 1(9) = -IE Vg log fp(X) is the Fisher information
matrix corresponding to fy. Combining (14) and (15),

1 .
KL(6;,0;) = 5(‘91'—0‘;,1(0) (0:-6,))
1 e 2
< 51 s 16: - 6;l5
1 * *1.)2
S 3 M A (16: —6*l2+16; - 6*2)
< 2n€* A
defining for a fixed € > 0 the quantity
— Amax (1(6
T g AmmU6)
0B, (0%, €) n

noting that {@1,...,0p} C B2(8*,y) C Bo(8*,€) by assumption. The size M of the largest possi-
ble 2 -separated set {01,...,0a} C B2(0*,y) C R™ is the packing number of B,(8*,v), which by
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Lemma 4.2.8 (equivalence of covering and packing numbers) and Corollary 4.2.13 (covering numbers
of the Euclidean ball) of Vershynin (2018), satisfies

')/ m
M Z (_) )
26
taking the 2 -separated set {01,...,0p} C B,(0*,y) to be as large as possible and applying the
results to a Euclidean ball of arbitrary radius y > 0. As a result,

logM > mlog(y/26).

Altogether, we have demonstrated the bound

27€
7> s 1_2n)/ Afax +10g(2)
m log(y /20)

We desire that
2ny? A, +10g(2) ol

m log(y /20) -2

in order to show that # > ¢ / 2. Re-arranging this inequality, we have

4ny? A < 4”72;i§mx+210g(2) < log(y/2) —log(d)
m s 9

m - m

and exponentiating we obtain

273%e
exp 4ny” Anax < y/2 < Z
m 0 0

This leads us to the following inequality

2%e

6 < y exp(_4ny /lmax)

m

Choosing
y = C .’,n ,
n /lglax

for some C > 0 which is presumed to be fixed, but freely chosen, yields the bound

m
§ < Cexp(—4C?) - (16)

n max

As long as m = O(n15,,), we can choose C > 0 to ensure that y € (0, €). Thus, for all § > 0 satisfying
(16), we can lower bound the minimax risk % by

X >

[NSRS9)
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The remainder of the proof will utilize this general argument to lower bound the minimax risk in the
£>-norm for exponential-family local dependence random graphs.

Lower bounds to the minimax risk in the {,-norm for exponential-family local dependence
random graphs. We will first handle the within-block case by considering

Fw N = inf sup Eg 0w — 0w

Ow O0cRpPta

Fix € > 0, independent of N, p, and ¢, and define

Ao (—]E va. (o, X))

E o—

/lmax w = sup X
9B, (0*,¢€)

With this definition, we revisit (16) taking m = p and n = K to obtain

Awn = Crexp(-4Ch) |—=F—0
K/lmax,W

for some C; > 0 assumed to be fixed, but freely chosen. Using the relationship

K 1 K
;LAH = K};lﬂkl = KAavg7

defining Ay, = K! Zle |Ag|, we obtain

’ A [
'@W,N > C exp(—4C12) ~Eavg %
/lmax,W

Then there exists By := C; exp(—4 Clz) > 0, independent of N, p, and ¢, such that

A;
Rwn > B |—2 [P
s e N
max, W
1 /lgax w mm w
=B [Te /l* /le \/Tg
/lmax,W max,W ““min,W
1 T 5
min, W max
- Bl = = ;ie' \/Aavg N
Amax w /lmax w min, W
A€ N
W max, W p
> B (Iemm ) Te VAavg [
max, W min, W
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The above inequality establishes

4 > B z
W,N 1 /15 N N
mm

1
W
( min, W ) max Aavg p

Ye
/lmax w max w

Next, we prove the between-block case and consider

Zp,n = inf sup [Eg|6p—0zls.
Op OcRPta

Fix € > 0, independent of N, p, and ¢, and define

Ama (—IE v, f(o,X))

sup %

max,B
0B, (0%, €) (5)

With this definition, we revisit (16) taking m = g and n.= (5 ) to obtain

Zp.n = C exp(—4C§) %,
(2) max,B

for some C; > 0 assumed to be fixed, but freely chosen. Using the relationship

K 1 K
;mu - Kf;mu = KAug,

defining Ay, = K! Zle |Ag|, we obtain

1
Zpn = C eXp(—4C§) el
ﬁ’e (N/Aavg)
max,B 2
1 2q A3
> C exp(—4C3) bl

avg
Fe N2 /— \ N2 NZ’
/l;mx B /lrilax B
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where B, := V2 C, exp(—4 C%) > ( is independent of N, p, and g. Hence,

Ay
74 B,.N = %t A /
[ €
/lmax w
T* Je
- B 1 /lmax w /lmin w A q
= 2 — /l* /le avg N2
/lmax w max,W ““min,W
Je [
B /1mm w max, W
- 2 =~ dvg 1 ,
1* A€ w
max,W ‘“max,W mm
mm w \/ max, W
= < avg N >
/lmax w mm w

showing the claimed result of

Advg mm w V max, W q
e%B,N > = /le avg ﬁ
\j /lmax w

max w min, W

Lastly, the assumption in the general argument that m = O (n I&ax) requires:

e p=dim(63,) satisfies p = O(lefnaxw),and

e g= d1m(0 ) satisfies g = O(Nz/l;ax’B),

substituting the relevant quantities into m = O (n Ifnax) for each case. O

3. Proof of Theorem 2.3

We start by considering the restricted minimax risk

inf  sup  Eg 0w — 0wl
Ow 0B, (6*,¢)

where € > 0 is the same as in Assumptions 2 and 3. Let 8 € B,(8*, €) C RP*9 be arbitrary. We partition

the support X of X as follows:
\/ max, W /

X, xeX : 0w - 0%l < C1 Aug =

mm w

¥
I

X\ X,
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where the constant C; > 0 is the same as the one guaranteed in Theorem 2.1. Then,

Eqlw — 0wl = g |18 —6wl2| X € X | Po(X X))
_ a7
+ Eo[10w - 6w l2| X € Xa| Py(X € Xa),

by the law of total expectation, and

inf  sup  Eglfw —Owly < sup Iy [||§W 0wl | X €X1] Py(X € X)
Ow 0B, (0%,€) 0B, (6*,¢)

+ sup Iy [||5W 0wl X e Xz] Py(X € X7),
0B, (6*,¢)

where Oy in the first term in the upper bound is the maximum likelihood estimator and

Ow = argmax  {w (0w, Xw)
Ow €B,(0,,.,100)

is the maximum likelihood estimator restricted to the subset B, (0, 100). Note that Theorem 2.1 es-
tablishes that there exists Ny > 1, independent of N, p, or ¢, suchthat P(X e X;) > 1 - N =2 in which
case we have the bound P(X € X,) < N2, for all integers N > Ny. Observe that the upper bound
becomes trivial in the case when P(X € X;) = 0. We then obtain the upper bound

sup  Ep|[0w —Owla| X eXa| < sup sup 0w — 8wl
0B, (6%, ¢€) Ow €B(0,,,100) 0B (8%, €)
Define
M = sup sup 0w — 8wl € (0,00).

Ow €B(0,,,100) 0€B2 (8%, ¢€)

Continuing from (17) leads us to the upper bound

Eq 0w — 0w |2

IA

Ey [18w ~ 6w I | X € X1 | Po(X €X1) + M Py(X €X2)

IA

—~ 1 1
Eg 18w — 6wl X € X | (1 - m)*M(ﬁ)
M

IA

Eg 18w - 6wl X € X | +

V/l;lax,W
€

M
Cl \’Aavg — % + m

N2

IA

min, W

Note that Assumption 2 implies that

[;l'*
. max, W p
N VAme ey = O
min, W



Supplement to “Rates of convergence for local dependence random graph models” 19

which further implies

Vi L = (1),

min, W

\[ max, W
avg =
As a result, there exists an N > Ny, 1ndependent of N, p, and ¢, such that

\/ maxW
1’ —, N > Nj.

m1n w

in turn ultimately implying

Advg

Defining C; := C; + M > 0, also independent of N, p, and g, we have

/"*
/lmax,W p

1nf sup Eq ||§W 0wl < & \/Aavg IE

Ow 0B, (0%, €) min, W N
Repeating the same essential argument for
inf  sup  Ey 65 -0l
0B 0cB,(6*,¢)
we obtain, for C3 > 0 defined similarly to C, > 0,
[/T*
. —~ max,B q
inf  sup Egll0p - 0Bl < C3Aag v
5 0B, (0%, €) Aing YN

4. Proof of Corollary 2.4

The assumptions of both Theorems 2.1 and 2.2 are met. Theorem 2.1 supplies the following upper

bounds to the £>-error of maximum likelihood estimators:
\/ max, W [

0w — 0;(/1/ 2 < avg ~
mm w
T
-~ * V/lmdx B
”03 - 03"2 < avg

mm B
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Theorem 2.2 provides the lower bounds on the minimax risks Zw n and Zp n:

Y [7%
B] (/l;ﬁn,w ) /lmax,W P

<%W,N > = — Aavg ~
/lrenax,W /lrenin,W N
A€ JA*
min, W max, W q
EB.N 2= 1-'32(/.fE ) T Aavg,/ﬁ-
max, W min, W

Inspecting the two sets of bounds, the assumption that

/lrenax,W =0 (/lrenin,W) and A5

max,B

=0 (Irilin,B)

ensures that the two sets of bounds match (up to an unknown, but fixed, constant). As a result, the upper
bounds on the ¢;-error presented in Theorem 2.1 achieve (up to an unknown, but fixed, constant) the
minimax rate of convergence. O

5. Proof of Theorem 2.5

For ease of presentation, we first present a general argument for bounding the error of the multivariate
normal approximation, and then show how it can be applied to maximum likelihood estimators of
exponential-families of local dependence random graph models in order to establish the desired result.

Bounding the error of the multivariate normal approximation. Consider a general estimating func-
tion m : R? x X — R which admits the following form:

K
m(0,x) = ka,k(ew,xk,k)+ Z mi,1(0B,%k 1),
k=1 | <k<l<K

and assume m(@,x) is thrice continuously differentiable in the elements of § € R”*4. By assumption,
the subgraphs X ; (1 < k <1 < K) are mutually independent, implying, for a fixed € RP*4, that the
collection of random variables my (0w, Xr k) (1 <k < K) and my ;(0p, Xr) (1 <k <l <K) are
likewise mutually independent. As such,

K
Vem(0,x) = Zvomk,k(f)w,xk,k)+ Z Vomy 1(0B,%k,1) (18)
k=1 1<k<Il<K

is a sum of mutually independent random vectors. Assume that

Engk,k(ecv,Xk’k) = 0p4q, 1<k<K 19
Engk’l(og,Xk’l) = 0p+q, 1<k<I<K,

implying that IE Vg m(6*,X) =0,.,.
Let @ € RP*4 and x € X be fixed. By a multivariate Taylor expansion,

Vom(6,X) = Vom(6*,X)+Vim(6*,X)(0~6*) +R, (20)



Supplement to “Rates of convergence for local dependence random graph models” 21

where R € RP*4 is a vector of remainders given in the Lagrange form, where each of the remainder
terms R; (i € {1,...,p +q}) is given by

r+q 1 52 (i
R, = ,Z_; > [6—95 [ng(O(),X)]i

2
(0;-067)

2D

1 o o (D) * *
+ Z 5 [591—3@ [ng(() X)]l] (gj_gj)(‘gr_gr),

1<j<r<p+q

where 97 = t;0+(1—1;)0* (forsomet; € [0,1],i € {1,...,p+q}). Assume that C := V Vg m(6*, X)
is non-singular and that Vg m(@,x) has a root given by 8y € RP*4. Taking 8 = 0, we re-arrange (20)
with the observation X =x in order to obtain

Vom(6*,x) = Vim(6*,x)(6*-86p) -R. (22)
Bear in mind, from the form of (18), that Vg m(6*,x) is a sum of independent random vectors. Define

C'? Vomy 1 (0%, Xr k),  ifk=I
Yie: = s 1<k<I<K,
C'2 Vomy (0%, Xr.1), ifk#1

and

S = Z Yii

1<k<I<K

Observe that, by (19), IES = 0,4 and that, by the definition of C, V.§ = I,,,, where I, is the
(p + g)-dimensional identity matrix. Applying Lemma 5.1, for all measurable convex sets 4 C RP*4,

IP(S €)= Dpig(Zpig €D < (2(p+9)1*+16) Y EYeyl
1<k<I<K

< B+t D BV
1<k<I<K

Normality results for S can be extended to a standardization of (8* — 6g) via (22):

S 2 ¢ [V2m(6*,x) (6* - 60) - R], (23)

D. .. e e
where = indicates equality in distribution.

Multivariate normal approximation for maximum likelihood estimators. Define

ek (Ow.xi k), 1<k<K

mi k (Ow ., Xk k)

mi1(0B,Xk,1) Ck1(0B, Xk 1), l<k<I<K.

We next verify that the assumptions placed on m(6,x) in the general argument presented above are met
in the case of maximum likelihood estimation for exponential-family local dependence random graphs.
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By Lemma 7.1,
Vomp k(Ow,xi k) = (Sir(Xpk) —Eg sk (Xi,k), 0g),
Vomp, (0, xk 1) = (0p, sk1(xp,1) —Egspi(Xk 1)),
noting that @ = (8w ,05) € RP*™, implying Vg m(0,x) = s(x) — IEg s(x). Observe that

E [Vomi k(63 Xr.1)]
E[ngk’l(ag,Xk’l)] = 0p+q, 1<k<I<K,

0p+q, ISkSK

implying EVg m(6*, X) = 0,.,. Lemma 7.1 additionally establishes that

Vom(6*.x) = Vs(X) = V(s(X)-Es(X)) = VVgm(8*,X),

implying C = V s(X) = V3m(0,x) = ~EV} £(6, X), which is non-singular for all 6 € B,(6*,€) by
Assumption 2. Restricting to 8 € B,(8*, €), we have verified all conditions placed on m(6,x) in the

general argument outlined above. In this case, (23) can be expressed as

S 2 1(0%)'20* —6) - 1(6*)"\/R,

where 1(68*) = V s(X) is the Fisher information matrix evaluated at the data-generating parameter
vector * € RP*4. The local dependence assumption and the partitioning of the sufficient statistics

vector s(X) = (sw (Xw),sp(Xp)) imply that

Iw (07, 0
10%) = Vs(X) = (W( W) Opa )

04.p Ip (03
where 04 , is the (d X r)-dimensional matrix consisting of all zeros, with the definitions

K

Iw (6%,) —EV(%W Ok (03, Xk k)

k=1

13(0%)

~E Vg, tc1(07%. Xi.).
1<k<I<K

The proof is completed by establishing the following two additional results.

I. Convergence rate of the multivariate normal approximation

We establish the convergence rate of the multivariate normal approximation by bounding

Di<k<i<k E ||Yk,l||g~ In order to do so, we bound each term:

Wikl = 1w (03%)7Y [skx(rr) — Eoskx (X)) 2
< w0372 lsie ke (e k.k) = Bo sie e (X i) 2
< sk, k(1) — Eo sk i (Xi i) 2

\/ K/ll’*](‘lil’l,w
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using the bound on the spectral norm || Iy (0:‘,‘,)_1/2 2 of the matrix Iy (0;“,)_1/2:

1 1
iw (63,) 7"l < =

\//lmin(—]E vz L(0%, X)) VE i w

which follows from Assumption 2, because if Ay (—IE ng £(0*, X)) is the smallest eigenvalue
of Iy (83%,) = -E ngf(a*, X), then 1/ Amin(-E vgw £(0*,X)) is the largest eigenvalue of
Iw (0;},)‘1. By Assumption 1, there exists Cy > 0, independent of N, p, and ¢, such that

A
sup sk k(X i)llo < Cw (l kl), 1<k<K,

X gk €EXp ke 2

which in turn implies the inequality

A

sk (k) —Bo sk (Xi)la £ AP Isioe(xi,k) — o s i (Xi 1) lloo
2P Isk.k (X1 1) oo

2P Cw (ld‘;kl)

\/ﬁ Cw Arznax’

IN

IA

IA

using the inequality (lf;"' |) < |Ag|? /2 < A2, / 2. Collecting the above bounds,

3
\/]_7CW A%mx _ P3/2 C\3}V Ar6nax

= T R32 (D 3/2°
JE i K32 (a5, w)Y

1Yrl3 <

which implies

p3/2 Ca\/ A6

max

i

ElYicl} < = -
’ 1/2 (* 3/2

k=1 K/ (/lmin,W) /

A similar argument will reveal, using Assumption 1 once more, that

sup sk (k) —Egsi i (Xe )l < 2Cp |Akl|Al < 2Cp A2,

X, 1€Xx 1
for 1 < k <1 < K, which will instead yield the bound

242 C A _ 2247 C AR

D, ElYul < < =
> 1/2 ~
1<k<I<K ([2() / (/lglin,B)?)/z K(ﬂmin,3)3/2

noting there are (12( ) between-block subgraphs X ; (1 < k < < K), as opposed to K within-
block subgraphs Xy i (1 < k < K) and using the bound (12{ ) > K 2 /2. Collecting terms and using
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the bound N = Zle |Ar] £ K Apax, we obtain the bound

3/2 3 3/2 ~3
Elv. 13 < 46 P Cyy 2V2432C3,
” k,l”2 = max 1/2 (% 3/2+ ik 3/2
1<k<I<K K (/lmin,W) K (/lmin,B)
V3 A 3 P3 3 ‘I3 -
< 2V2AD . CW ——F—+C —_—
3 B 2 3
CUNE @) PN K@, )
V3 A7 — 3 P3 3 q3 -
< 2V2A[ CW — +CB —_—
| \ N(/l;in,W)3 \ N2 (/l;in,B)3 ]

Thus, there exists a constant C := (2)(58) V2 max{C3,, C%} > 0, independent of N, p, and ¢,
and a random vector A =1 (0*)‘1/ 2 R, such that, for all measurable convex sets & C RP*9, the
error of the multivariate normal approximation is bounded above by

[P(1(0%)2(0-0%)+A € C)—Dy(Zy€F)|

< S8(p+g)'t D BVl
1<k<I<K
3 3
p q
< C(p+q)1/4A;1ax J = +J B
3 3 A2
(/l;ﬁn,W) N (/lmin,B) N

II. Demonstrating that |7(8*)~'/2 R|, is small with high probability.

Recall that

Iw(6%,) 0,
1(9*) = ( v P ‘i )
0y, Ig(0%
where
K
Iw (6%,) = —EV(%W Ok (03, Xk k)
k=1
Ig(0%) = —EVzB b0, Xk 1),
1<k<I<K
which implies that
* \—1
1(0*)_1 Iy (gw) Op,q

Oq,p Ip (0; ) !
Using Assumption 2,

Amin(Iw (8%)) = K2* > 0 (24)

min, W
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and
mln( B( B)) 9 | “min,B > . (25)

Using (24) and (25), we can bound ||1(6*)~'/2 R||, by

(G {5 I1w (6*)7'/ Rw |3+ 115(6*)"' /> Rp3

IA

7w (6*)72112 | Rw 13 + 115(6*) 21> | R 5113
IRw I3 .\ IR5I3
Rwly |, _IR:

KT (GO

min, W min, B

where Ry = (Ry,...,Rp) and Rp := (Rp41,..., Rpyg). As aresult,

IRwl3  IRsl3
1O PRIy < |-+ =
K/lmin,W ( 2 ) /lmin,B

Applying Lemma 5.2,

IRwl? < pARZ, Cl (Cw+2)2K2 0w - 63, |1
K\* ~
IRgI5 < 4qA3§axC§(CB+2)2(2) 165 - 6%I1.
Using the identity
K 1 K
N = ;|Ak| = KE;LAH = KAavg,

with the definition Agye == K~! ¥ X_ |Ax|, we have the bound

— K2 =
_ o PR IBw o5 1t a (%) 105 - 051
11(6*)" " Rl> < C3Apu = + TG
\ K/lmin,W ( 2 ) /lmin,B
_ oqo | PKI8w —64 1T a(5) 165 - 0511
= 3 “Amax T* + ;l-*
\ min, W min,B
< CyAS PN||6’W—19{;}/"‘1‘+61Nz||‘93—6’§||11
= max> = 5~
Aan A;in,W Aa"g /l;in,B

where C3 =2 max{C%V (Cw +2), Clzg (Cp +2)} > 0is a constant independent of N, p, and q.
By Theorem 2.1, there exist constants C4 > 0, C5 > 0, and Ny > 3, independent of N, p, and ¢,
such that, for all N > Ny and with probability at least 1 — N~2, the maximum likelihood estimator
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exists, is unique, and satisfies

-~ \j w [
"0W_0“k/v||2 avg ~mdx

<
mm w
and
—~ V max,B q
105~ 03I7 < CsAwy = |5
mm B
As a result,

V /l;ax,W L

0w — 0% 11 < VPlI8w - 0%l < CiAng =
/]'rilin,W \/N
—~ . -~ * \j/lrtlax,B q
"03_03"1 < \/5"03_03"2 < CSAavg-%—_»
min, B
which leads to the bound
_ pN 6w — 6% 11t qu 165 - 6%
116*)7'2Rly < C3AS, = =
\ Aavg /lmm w an /lmm B
< CoAS Aavg (;{glax W)2P5 . avg (/lmax 3)2 q5
= 6 “Amax
4 4 2
\ (/lmm W) /lmm w N (/lmm B) Amm B N
2 3 2
< C6A (/lr*x(lax W) 2 (/lgax,B) i
= avg >
mdx\ (Amm W)5 N (/lmm B)5 N2

defining Cg := C3 max{C?, Cg‘} > 0. Thus, there exists a constant C := Cg > 0, independent of N,
p. and g, such that A := I(8*)~1/2 R satisfies

7 2 T 2
6 (/l;ax,W) PS 2 (A;IaX,B) C]S 1
PLIAL < €Ay Awe =2 5 +Aie =— 27 | 2 1735
(/lmin,W) (/lmin,B)

Conclusion of proof. We have thus shown—recycling notation of constants—that there exist C; > 0,

C, > 0, and Ny > 3, independent of N, p, and ¢, and a random vector A € RP*4 such that, for all
integers N > Ny and all measurable convex sets ¢ C RP*9,

IP(1(0%)2(0-0*)+A € €) —Dy(Zy )|

1/4 57 r’ 7
< Ci(p+9)"" Apax +
W ? N\ Ty ) N2

min, min,
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where A satisfies

(/lgax W)2 PS (ﬂgax B)2 CZS 1
P(lAl2 < CZAmaXJAan—_"' g —— | > - —.
5 g 5 N2 2

(/lmm W) N (/lmm B) N N

5.1. Auxiliary results for Theorem 2.5
We first recall a theorem due to Rai¢ (2019), restated in Lemma 5.1.

Lemma 5.1 (Theorem 1.1, Raic (2019)). Consider a sequence of independent random vectors given
byWi,Wy,...e RP withEW; =0 foralli € {1,2,...}. Define

n
DIWi one{l2,..,
i=1
and assume that V Sy, = I,. Then, for all measurable convex sets € C RP,
n
IP(S,e6)-®p(Z, %) < (42p'*+16) > EBIWil3,

i=1

where Z, is a multivariate normal random vector with mean vector 0, and covariance matrix I, and
@, is the corresponding probability distribution.

PROOF OF LEMMA 5.1. The lemma is proved as Theorem 1.1 of Rai¢ (2019). O]

5.2. Auxiliary results for Part II in the proof of Theorem 2.5

Lemma 5.2. Under the assumptions of Theorem 2.5,

IRwl2 < pARZ, CL (Cw +2)2K? 0w - 6%, 1%
IRgI2 < 4qA2, C} (CB+2>2( ) A

where |Rw ||§ and |Rp ||% are the normed remainder terms in the proof of Theorem 2.5.

PROOF OF LEMMA 5.2. We bound the remainder terms that arose out of the multivariate Taylor
approximation in the proof of Theorem 2.5 using derivatives. Recall that each of the remainder terms
R; (i€{l,...,p+q}) in the Lagrange form is given by

ptq 1

Iei:Z5

J=1

2
(0;-067)

. [V o, X)]

(26)
1 (i) " *
+ § 3 [W [ng(G X)] ] (0 —07) (6 —67),

I<j<r<p+q
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where " =t;0+(1—1;)0* (forsomet; € (0,1),ie{l,...,p+q}).If

62
sup 'W [Vom(0,X)];| < M;, 1<j<r<p,
pempea: Jo-6~| <la-6~, 100790
forallie{1,...,p} and
02
sup ’W [Vom(0,X)];| < M; l+p<j<r<p+g,
R o TR T L
forallie {1+p,...,p+q}, then the Lagrange remainders are bounded above by

M; -~ e
— 6w —63 17 ifie{l,....p}

IA

|R;|
M; ~ .
7’”03—0;”% ific{p+1,....p+q}

on the set
{ow eRP : 16w — 63,11 < 18w ~ 6% 11| x {65 <RP : 165 - 0511 < 8w - 6511}

For the rest of the proof, assume that 8 belongs to the above set. By Assumption 2, there exists Cy > 0
and Cp > 0, independent of N, p, and g, such that

A
sup sk (xkk)llo < Cw (| 2k|), 1<k<K,
Xk €Xp ke
and
sup  ski(xk )l < Cp Akl Al 1<k<I<K,
X, €Xp
Lemmas 5.3 and 5.4 establish that
Arénaxcsv (CW +2)K, (l',j,h)E{l,...,p}‘%
2 6 2 K . . 3
_— [V9€(0,X)]l < 2AmaxCB(CB+2)(2), (i, j,he{p+1,....,p+q}
0006

0 otherwise.

As aresult, when m (6, X) =£(0, X) in the proof of Theorem 2.5,

ASax Coy (Cw +2)K 8w - 032, 1<i<p
|Ri| <
248, C3(Cp+2) (K) 10 - 0%1%. p+l<i<p+q,
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which implies the bounds

p

IRwlZ < D R? < pARZ, Cl (Cw+2)2K*|Bw - 6% I}
i=1
ptq ) K 2 .

IR513 < > R < 4qA,¥axc4B<cB+2)2(2) 165 - 0314,
i=p+1

Lemma 5.3. Consider an exponential-family local dependence random graph model which satisfies
Assumption 1. Then, for all (i,j,h) € {1,...,p}>,

8% [Vg £(0,x)];
61, 96,

‘ < A8 Cy (Cw +2).

PROOF OF LEMMA 5.3. By Lemma 7.1, the second derivatives of the log-likelihood taken with
respect to the natural parameters are equal to the variances and covariances of the sufficient statistics
of the exponential family, implying, for all (i, j) € {1,..., p}z, that

8% ¢(0,x) 9 [Ve £(6,x)]; K K
= = i X ) j X s
36, 06, 50, Co k; Sk.ke,i(Xk k) kE:l Skeke,j (X, k)

where Cg denotes the covariance operator corresponding to the probability distribution Py. By the
independence of the block-based subgraphs Xy i (1 < k < K),

K K K
Co (Z Skok,i (X k), Z Sk,k,j(Xk,k)) = Z Co(sk,k,i (Xr,k)s Skke,j(Xi,k))-

k=1 k=1 k=1

Taking h € {1,..., p} and using the triangle inequality, we obtain the bound

d
30, Co(si ki (Xi,k)s Skeoke,j(Xi k)] (27)

00y, 00; - —

To proceed from here, we apply Lemma 7.3. To do so, we verify the assumptions of Lemma 7.3. By
Assumption 1, there exists Cy > 0 such that

If;kl) < O .o

2 max>

sup sk ke (Fp )0 < CW( ke{l,...,K},

Xk €Xp k

which implies, for all k € {1,..., K}, that

[ Akl
sup sk, k(Xk,k) — Eg sie ke (X i)lloo < 2CW( ) < Cw Al
X g,k €X g,k
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Taking U; = (Cyw /2) A2, > 0 and U = Cyy A2, > 0 and applying Lemma 7.3,

30, Co(si ki (X k)5 Skeke,j( Xk k)

IA

‘ 0

(Cw A%ur) (Cw AR (Cw A3 +2)

IA

A% CE (Cw +2).
Hence, for all {i, j,h} C {1,...,p},

0% [Vo £(0.x)];
00y, 00;

K
< D ASKCR (Cw+2) < AG C, (Cw +2)K.
k=1
0

Lemma 5.4. Consider an exponential-family local dependence random graph model which satisfies
Assumption 1. Then, for all (i, j,h) e {p+1,...,p+q}>,

P [V l(O:x)]i| _
00,00 N

K
248, C%(Cp +2)(2).

PROOF OF LEMMA 5.4. Lemma 5.4 is proved similarly to Lemma 5.3, with the notable exception
that the sum in (27) is over the index set 1 < k <[ < K, for the between-block subgraphs. As a result,
the factor of K in the bound in Lemma 5.3 is replaced with (12< ). The bound |Ag||A;] < A2 is used
in place of (‘f;" ‘) < A2, resulting in an extra factor of 2. The rest of the proof can be repeated
unchanged, with the appropriate adjustments to indexing (e.g., using Cp > 0 in place of Cw > 0). [

Lemma 5.5. Letay,a,bi,by € R. Then

IA

lay b1 — ay by| lai]1b1 = ba| +|b2||a) — aa].

PROOF OF LEMMA 5.5. Write

lay by — (a2 — a1 +ay) ba|

lay b1 —az by|

lai by — by (a2 —ay) — aj bl
lay (b1 —b2) —ba(az —ay)|

la1] b1 = ba| + |ba| |ay — az].

IA
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6. Proof of Theorem 2.7

Observe that both
- 1 &
w = % Z (s1.k (X k) = 5w (Xw)) (skk (Xek) = 5w (Xw)) "
k=1
- 1 B B
Ig = —& Z (st (Xi) = 58(Xp)) (si0(Xia) -55(Xp))"
(2) 1<k<I<K
are unbiased estimators of
_ E[-V;  ((6%,X)] 1 &
L, = WK = Ek I_Evgw Cr,kc (6% Xk k)
_ E[-V; ((6*,X)] 1
— B _ 2
B o= ) = E Z ~EVg, lii(0%. Xi.1),
2 2) 1<k<i<k
respectively, and defining
1 < 1
SwXw) = 2 ) sek(Xie)  and Sp(Xp) = g > sia(Xi).
k=1 (2) 1<i<k

For ease of presentation, we will write sy = 5w (Xw ) and 5p = 55(X ). Note that the Fisher informa-
tion matrices —If ng £(0,X) and -E VgB £(0, X) of canonical exponential families are the variance-
covariance matrices of the vectors of sufficient statistics sy (X) and sp(X), respectively.

We first consider the within-block case and the term TW; we discuss extensions to prove the result
for I afterwards. We can represent Tw by

K K K T
—~ 1 1 1
Iw = —= X X )T -|= X — X
% X g Stk (X)) Sicok (X i k) (K ];:1 Sk k(X k,k) (K k; sk (Xex)

K
1 _
= — Z Sk (X i i) Sk (Xik) T =Sw Sy -
K =

By the triangle inequality,

K

1 . ~ —~
— Z ik (Xi) Sk (Xix) T = Bw By — Iw
K&

lTw -~ Twlla < + 5w s - 2w Bwlll,

2

defining

K
- 1
Hw = ¢ kz_; Esix( Xk k),
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and in the between-block case, defining

—~ 1
Hp = N Z Esk,l(Xk,l)~
( 2 ) 1<k<I<K
The advantage of this is two-fold:

1. First, we can express

K
1 - -
z Z ik (X i) Sk (Xex) T = By fyy
k=1

K
1 . —
= % Z (st (X)) — ) Gk (Xik) — i) T
=

which is a sum of independent matrices, and

2. Second,

K

1 o —
E e Z ik (Xik) Sk k(X k)T = Bw By | = Iw,
=l

meaning the statistic is an unbiased estimator of Iyy .

Defining

o

K
1 -
Iy = X Z Sk (Xiio) Sk (Xik) T = Hw Hyy s
k=1
and in the between-block case
- 1

Ig = — Z skt (Xi) sea(Xe) T — B fp,
(2) 1<k<I<K

we can therefore apply the matrix Bernstein’s inequality to obtain

P(Ilw-Twlla > 1) < 2 K )
w —1iwli2 2 = pexp|— —
2p Cy Ahax (A w +21/3)
K 12
< 2exp|-— = +10g(P))’
( 2pC3, Ai‘nax(ﬂgax,w +1)

noting that, by Assumption 1, there exists constant Cy > 0, independent of N, p, and ¢, such that

< CwA2

Akl
2

max sup sk k(i) llo < CW(
kE{l ----- K}xk,kEXk,k
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which implies the bound

max sup sk (xrr) — Byl < 2P Cw Ay,
ke{l,..., K} Xk €Xp k

using the triangle inequality and the inequality ||z> < /P |zl (for z € RP). Choosing

\/ 2p C) Abax Uiy 108(p)
W > 9

t =B <

for some Bw > 0 to be specified later, we obtain

B3y log(p) T w

- e +log(p) |
A;laX,W +pBw \/2p CW Amax /lglax’w log(p) /K

P(Iiw -Twlh > 1) < 2exp|-

By Assumption 4, the largest block size Amax = max{|Al,...,|Ax|} satisfies
~ 1/4 ’ 1/4
A < min N/lglax,W N /l:’laX,B
max — - 5 5 5 ’
Aavg P2 4'Az%vg q2
which, using the identity N = A,y K, implies that
PChy Afax A w log(p)
K < max,W?

resulting in the inequality

S 2pC2 Ab W A%y log(p)
PlHw = Iwll2 = ﬁw\/ Kmdx’

IA

2
2 exp | - IBW log(p)
1+V2C2, pw

Py
2exp|-| —=2 — —1]1 :
o - pi 1 o)

+10g(p))

To obtain the desired probability guarantee, we require

L -1 = 2
1+V2C2, pw
which in turn requires a solution Sy € (0, c0) to the quadratic equation

B2, —3V2C% pw -3 = 0.
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Using the quadratic formula, such a root, which incidentally is independent of N, p, and g, is given by

3v2 1
Bw = TC@TJISC;‘VHZ > 0.

Thus, there exists a constant C; > 0, independent of N, p, and ¢, such that

o = | p log(p)
ITw = Iwll2 < C1 Afax | U K

with the last inequality following from the assumption that p > log(N). Using the identity N = A,y K,

Tw—T = [p log(p)
Ww = Tw ll2 < C1 Afyax \/Aave A w %

Next, we handle the term |[Sw 5y, — Hyw fy ll2. We first use the inequality

2
1__’

P > l-exp(-2p) 2 Y2

2
1- =

P Yeh

< < ~ = < = — =T
ISsw Sw — Bw BEwll2 < 5w Sy — fw BwllF

where || - || denotes the Frobenius norm. By Lemma 6.1,
e - 2Cw A2 P
WSw Sy — Aw Bwllr < 2Cw ALuNP ISw —Bwl2 = % lsw (X) = Esw (X)ll2,

noting that [lsg x (X% k)0 < Cw Agnax, by Assumption 1 as discussed above. By Lemma 7.1,

Voy (0%, X) = sw(X)-Esw(X),
which allows us to apply Lemma 1.1 with oy > 0 to obtain

52
_ L4 + log(S)p) .

P (sw (X) - Esw (X)[2 < 6w) > 1 —exp =
SK A% w +Cw AR VP 6w

This is close to the same inequality that we arrived at in the proof of Theorem 1. Choosing

Sw = 7W,/pKI:]aX’W > 0,

for some yw > 0 to be specified, the probability

P (llsW(X) —Esw(X)|2 < yw \/pK;i;ax,W )

is bounded below by
2 I*
Yw P K/lmax w
1 —exp|-——— — +log(5)p
SKAfow +Cw AR p VK5 yw
2
K
= l-exp|- )’WZP +log(5) p|.

SK+CwApu P \/E'YW
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Under Assumption 4, the largest block size Apax = max{|A],...,|Ax|} satisfies
~ 1/4 2= 1/4
A < min N /l;ax,W N /l;ax,B
max - - 5 ’ 5 5 )
Aavg 172 4 Az%vg 612

which implies that

AL .pVK < K since Amax < (—

This in turn implies that

P (lsw (X) = Esw ()l < yw [P K T ) = 1-exp

2
=1 - Y 4log(5 :
ool (5328
To obtain the desired probability guarantee, we require
2
Yw
—— +log(5) = 2,
5+CW7W Og( )

which in turn requires a solution yw € (0, o) to the quadratic equation
Yy — Cw (2+1log(5)) yw —5(2+1log(5)) = 0.

Using the quadratic formula, such a root, which is incidentally independent of N, p, and g, is given by

Cw (2+1og(5)) + \/C%V (2+10g(5))% +20 (2 +1og(5))

Yw = > > 0,

which in turn establishes there exists a constant C, > 0, independent of N, p, and ¢, such that

— 2
P (llsw (X) =~ Esw (X)l2 € Co\pK o) 2 1-exp(-2p) 2 1.

where the last inequality follows from the assumption that p > log(N). Finally,

2
L . ~ [P
|||SW STW — Hw Hw |||2 < G Alznax ﬂrtlax,W ?’

with probability at least 1 — 2 N2, defining C3 := 2 Cy C, > 0. Using the identity N = Aag K,

2
o — By [P
I'sw STW —Hw Il—vrv o <= G Ar2nax Aavg A;ax,W N’

with probability at least 1 —2 N2
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Collecting results, we have shown that the event

-~ - /plog(p) [p”
|"IW_IW|”2 < CAmax Aan/l&axW ( )

occurs with probability at least 1 —2 N2,
We can prove a similar bound on 175 -15ll> by making appropriate adjustment to indexing of certain
quantities and replacing K by (12< ) in all places, establishing that the event

S | [alele) | |4
lig —1Igll> < CAIZnax avg /l;mxB N2 m ’

occurs with probability at least 1 —2 N2, O

6.1. Auxiliary results for Theorem 2.7

Lemma 6.1. Letv € RP, w € R?, and M > 0 be such that max{||v||co, [W e} < M. Then

lvvT —wwTllr < 2M+plv-wls.

PROOF OF LEMMA 6.1. We start by writing

v —wwTli

e

IA
S
Mw
‘M.’:

aE
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where the inequality follows from Lemma 6.2. Next, noting that M > 0, we have

M“ii( i(m—m 1;4le)2

i=1 j=1 =1

-_Wl) | J w]|)2 — M4
M

I
S

D 1M

i (|V1_Wt|+|V1_W/|)

i

1 j=1

Zp: (vi —w;)? (V/—Wj)2
S\ M2 M2/2

- om? Z zp: ((vi —wi)+ (v; _Wj)z)

i=l j=1

M'u

M4

IA
I

i

= 4pM? i (vi —wi)?
= 4p My -wi3,
where the inequality follows by Titu’s lemma. As a result,
IvvT —wwTllr < 2My\plv-wl>,
for all v € R? and w € R? with |[v]leo < M and |w]e < M. O
Lemma 6.2. For every (ay,as, b1, bs) € [=1,1]% we have |ay ay — by bs| < |ay — by| + |az — ba|.
PROOF OF LEMMA 6.2. Start by defining a function g : [0,1] — [—1, 1] by
g) = (tar+(1-0b1)(tar—(1-0by), 1€[0,1],
for a given (ay,az,b1,by) € [-1, 1]4. Then, by the product rule,
g'(t) = (a1=b1)(tax—(1-1)b2) +(az—b2) (ta; +(1-1)by).
By the triangle inequality, for all ¢ € [0, 1],

g’ < lay=billtaz—(1—=1) ba| +laz = ba||tay + (1 —1) by| %)

IA

laj = by| +|az — b2,
as (ay,az, by, by) € [-1, 1]4, by assumption, ensuring |ta; — (1 =) b;| <1 (i € {1,2}). Lastly,
layar —bi byl = |g(1)—g(0)| = [g'(t*)| < lai —bi|+laz—bol,

where the mean value theorem guarantees the existence of some t* € [0, 1] and the upper-bound follows
from (28) which holds for all ¢ € [0, 1]. O
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7. Auxiliary results for exponential families

Lemma 7.1. Consider a random vector Y with finite support Y (i.e., |Y| < o0) and assume that the
probability mass function fg : Y — (0, 1) belongs to an m-dimensional exponential family, i.e.,

Jo(y) = h(y)exp(0,s(y))—y¢(0)), yeY,0ecR™
Then

Vo (0) Eg s(Y)
Vol(0,y) = s(y)—Egs(Y)
VZu(9) -V2e(6.y) = Vgs(Y).

PROOF OF LEMMA 7.1. All results follow from Propositions 3.8 and 3.10 of Sundberg (2019). [

Lemma 7.2. Consider a random vector Y with finite support Y (i.e., |Y| < c0) and assume that the
probability mass function fg : Y +— (0, 1) belongs to an m-dimensional exponential family, i.e.,

fo(y) = h(y)exp(0,s(y))-y¢(0)), yeVY,0ecR™.
Then
Vol(0,.Y)—EVel(0,Y) = s(Y)-Es(Y), 6ecR™,

and

sup IVo £(6.Y) —EVgL(8,Y)o = [s(¥Y)-Es(Y)llw = [[Vol(8*,Y)]lo-
fcRm

PROOF OF LEMMA 7.2. Applying Lemma 7.1, Vg £(0,y) = s(y) — IEg s(Y). Hence, for all § € R™,
Ve l(0,Y)—TEVel(0,Y) = s(¥Y)-Egs(Y)-Es(Y)+EEygs(Y) = s(Y)-Es(),
which implies the final result

sup [Vol(0.Y)—EVgl(0,Y)|c = sup [s(¥Y)=Es(¥)[ow = [s(¥)=Es(Y)|c.
GeR™m GecRR™m

O

Lemma 7.3. Let Y be a random vector with finite support Y (i.e., |Y| < o0) and assume that the
distribution of Y belongs to an exponential family with with probability mass functions of the form

fo(y) = h(y)exp(6,y)—y(0)), yeY,0ecR™
Assume that there exist constants Uy > 0 and Uy > 0 such that, for allt € {1,...,m},
Y] < Uy and |Y;-IEgY:| < U, P-almost surely.

Then, for all (i, j,h) € {1,.. .,m}3,

0

< 201U (Uy+2).
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PROOF OF LEMMA 7.3. Let (i, j, h) € {1,...,m}> and define u,(8) :=Eg¥; (t € {1,...,m}. Then

0 0
ECG(K‘,YJ‘) = MEH[Yin_ﬂi(a),uj(a)]
0
= My;; (i3 = 1i(0) u; (O)] Fo()
- [()i.._.g).(0+.._.0 .g)i
= 2 [ g [y = i @) i (O)] + [viv = i (0) 1 (0)] 50- faw)|

yeY

Using Lemma 7.1 and applying the chain rule,

S fu3) = o) exp((0.9) ~6(0) = b= (O)] Soty).

Hence,

0 0
a0, Co(Yi, Yj) = TEg[(YiYj—ui(0)u;(0)) (Y —pun(6))] - 20, [1i(0) 1;(0)] .

We next compute, using Lemma 7.1,

9 10);(0)]

30 ui(0) Co(Y;, Yp) +u;(0) Co(Y;, Yp)
h

1i(0)Eq[Y; Yy — 11 (0) up(0)] + u;(0) Eg[Y; Yy — i (0) pun(6)].

By Jensen’s inequality and the triangle inequality

’% Co(Yi, Yj)' < B [|(Yi V) — pi(8) 1 (0)] |(Yn — un(6))]]
+ i (0)| Eg|Y; Yn — 11 (0) un(0)]
+ | (0) Eg |Y; Yn — 11:(6) un(0)].
The assumption there exist constants U; > 0 and U, > 0 such that |Y;| < U for all r € {1,...,m} and

|Y; — s (0)] < Uy (t €{1,...,m}) hold P-almost surely implies that |, (8)| < U, forallt € {1,...,m},
and, through an application of Lemma 5.5, that

[Y;Yn—1;(0) ()] < 1Yj|1¥n — 1n(0) +|un(®)]Y; - u;(0)| < 2U, Us.
Hence,

‘ﬂ Co(Y;, Yj)

0
0

< 2V U3+4U U, = 2U, Uy (Ur +2).
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Lemma 7.4. Consider a random vector Y with finite support Y (i.e., |Y| < co) and assume that the
distribution of Y belongs to an exponential family with probability mass functions of the form

Po(Y=y) = h(y)exp((0,s(y))-y(8)), yeVY,O0ecR™

Then for all functions f : Y — R,

%Eaf(Y) = Eo[f(Y) (5:(Y) - Egs;(Y))],

forallie{l,...,m}.

PROOF OF LEMMA 7.4. Write

0 0

— Y
56, o f(Y) 36,

D7 F() h(y) exp (48, s()) — ()

yeyY

X FGYhO) |57 exp (0, 57) - u @)

yeY

D7 F() h(y) exp (48, s(3)) = ¥(8) (si(y) ~ By 5i(Y))

yeyY

Eq[f(Y) (5:(Y) — g s5:(Y))],

as applying Lemma 7.1 shows that

s} .
a_eil//(a) = Egs;(X), i=1,...,m.
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