
PSEUDO-LIKELIHOOD-BASED M-ESTIMATION OF
RANDOM GRAPHS WITH DEPENDENT EDGES AND

PARAMETER VECTORS OF INCREASING DIMENSION

By Jonathan R. Stewart and Michael Schweinberger

Florida State University and Penn State University

An important question in statistical network analysis is how to
estimate models of discrete and dependent network data with in-
tractable likelihood functions, without sacrificing computational scal-
ability and statistical guarantees. We demonstrate that scalable es-
timation of random graph models with dependent edges is possi-
ble, by establishing convergence rates of pseudo-likelihood-based M -
estimators for discrete undirected graphical models with exponen-
tial parameterizations and parameter vectors of increasing dimen-
sion in single-observation scenarios. We highlight the impact of two
complex phenomena on the convergence rate: phase transitions and
model near-degeneracy. The main results have possible applications
to discrete and dependent network, spatial, and temporal data. To
showcase convergence rates, we introduce a novel class of generalized
β-models with dependent edges and parameter vectors of increasing
dimension, which leverage additional structure in the form of over-
lapping subpopulations to control dependence. We establish conver-
gence rates of pseudo-likelihood-based M -estimators for generalized
β-models in dense- and sparse-graph settings.

1. Introduction. Network data have garnered considerable attention
in recent years, driven by the growth of the internet and online social net-
works that can serve as echo chambers and facilitate polarization, and ap-
plications in science, technology, and public health (e.g., pandemics).

During the past two decades, substantial progress has been made on mod-
els of network data, including β- and p1-models [e.g., 27, 13, 52, 41, 30,
36, 15]; exchangeable random graph models [e.g., 10, 17]; stochastic block
models [e.g., 1, 5, 6, 42, 34, 2, 21]; latent space models [e.g., 26, 47]; and
exponential-family models of random graphs [e.g., 23, 3, 43, 12, 37, 45].
Other models are small-world networks [50] and scale-free networks with
power law degree distributions [7]. That said, despite strides in modeling
and inference, fundamental questions arising from the statistical analysis of
non-standard and dependent network data have remained unanswered.
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1.1. Three questions. Since the dawn of statistical network analysis in
the 1980s [27, 19], three questions have loomed large:

I. How can one construct models that allow the propensities of nodes to
form edges and other subgraphs vary across nodes?

II. How can one construct models that do justice to the fact that network
data are dependent data?

III. How can one learn models from a single observation of a random graph
with dependent edges and parameter vectors of increasing dimension,
regardless of whether the likelihood function is tractable?

We take steps to answer these questions by building on the statistical exponen-
tial-family platform [8], which has long served as a convenient mathematical
platform for obtaining first answers to statistical questions involving discrete
and dependent data and hosts Bernoulli random graphs, β- and p1-models
[27, 13], generalized linear models of random graphs, and undirected graph-
ical models of random graphs [19, 32]. An alternative route, not considered
here, is provided by the Hoover-Aldous representation theorem [5] via ex-
changeable random graphs [10, 17], which can likewise induce dependence
(as demonstrated by stochastic block and latent space models).

On the statistical exponential-family platform, research has focused on
β- and p1-models, which provide answers to the first question but assume
that edges are independent; and exponential-family random graph models,
which allow edges to be dependent and can capture observed heterogeneity
via covariates, but are less suited to capturing unobserved heterogeneity
and more often than not give rise to intractable likelihood functions. An
additional issue is that theoretical properties of statistical procedures – well-
established in the literature on β- and p1-models [e.g., 13, 52, 41, 30, 51, 36,
15] – are scarce in the literature on exponential-family random graph models,
with two recent exceptions. Mukherjee [37] considered models with functions
of degrees as sufficient statistics, which allow edges to be dependent, but have
two parameters and do not capture network features other than degrees.
Schweinberger and Stewart [45] considered models with dependent edges,
but constrained dependence to non-overlapping subpopulations of nodes.
While both works provide statistical guarantees, these works focus on the
second question rather than the first question.

We aim to provide tentative answers to all three questions, leveraging the
statistical exponential-family platform.

1.2. Probabilistic framework. On the modeling side, we consider a flexi-
ble approach to specifying random graph models with complex dependence
from simple building blocks. We demonstrate the probabilistic framework
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by extending the β-model of Chatterjee et al. [13] – studied by Rinaldo
et al. [41], Yan and Xu [52], Karwa and Slavković [30], Mukherjee et al.
[36], Chen et al. [15], and others – to generalized β-models capturing depen-
dence among edges along with heterogeneity in the propensities of nodes to
form edges. To control the dependence among edges, generalized β-models
leverage additional structure in the form of overlapping subpopulations. The
β-model and generalized β-models with dependent edges have in common
that the number of parameters increases with the number of nodes.

1.3. Computational scalability and statistical guarantees. On the statisti-
cal side, we demonstrate that computational scalability and statistical guar-
antees need not be sacrificed in order to estimate random graph models with
dependent edges and parameter vectors of increasing dimension.

We do so by focusing on pseudo-likelihood-based M -estimators, which
possess convenient factorization properties and are more scalable than es-
timators based on intractable likelihood functions. Despite computational
advantages, the properties of pseudo-likelihood-based M -estimators for ran-
dom graphs with dependent edges and parameter vectors of increasing di-
mension are unknown. In the related literature on Ising models and discrete
Markov random fields in single-observation scenarios, consistency of maxi-
mum pseudo-likelihood estimators has been established [29, 16, 11, 4, 22],
but those results are limited to a fixed number of parameters.

We demonstrate that scalable estimation of random graph models with
dependent edges is possible, by establishing convergence rates of pseudo-
likelihood-based M -estimators for discrete undirected graphical models with
exponential parameterizations and parameter vectors of increasing dimen-
sion in single-observation scenarios. In contrast to Ravikumar et al. [39] and
other works on high-dimensional Ising models and discrete Markov random
fields, we do not assume that independent replications are available. The
main results have possible applications to discrete and dependent network,
spatial, and temporal data. We highlight the impact of two complex phenom-
ena on the convergence rate: phase transitions and model near-degeneracy.
To showcase convergence rates, we establish convergence rates for general-
ized β-models in dense- and sparse-graph settings.

1.4. Structure. Section 2 introduces the probabilistic framework. Section
3 establishes convergence rates for pseudo-likelihood-based M -estimators.
Simulation results can be found in the supplement [46].

1.5. Notation. Let N := {1, . . . , N} (N ≥ 2) be a finite set of nodes and

X be a random graph defined on N with sample space X := {0, 1}(
N
2 ), where
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Xi,j = 1 if nodes i ∈ N and j ∈ N are connected by an edge and Xi,j = 0
otherwise. We focus on random graphs with undirected edges and without
self-edges, although our results can be extended to directed random graphs.
To denote subgraphs induced by subsets of nodes C ⊆ N and D ⊆ N, we
write XC,D := (Xi,j : i 6= j, i ∈ C, j ∈ D). If C = D, we write XC instead
of XC,C. The set R+ := (0, ∞) denotes the set of positive real numbers, and
the vector 0 ∈ Rd denotes the d-dimensional null vector in Rd (d ≥ 1). We
denote the `1-, `2-, and `∞-norm of vectors in Rd by || · ||1, || · ||2, and || · ||∞,
respectively. For any matrix A ∈ Rd×d, let |||A|||1 := max1≤j≤d

∑d
i=1 |Ai,j |,

|||A|||∞ := max1≤i≤d
∑d

j=1 |Ai,j |, and |||A|||2 := supu∈Rd: ||u||2=1 ||Au||2. The

determinant of A ∈ Rd×d is written as det(A). The closed hypercube in Rd
centered at c ∈ Rd with radius ρ > 0 is denoted by B∞(c, ρ) := {a ∈ Rd :
||a−c||∞ ≤ ρ}. For any subset S ⊂ Rd, int(S) and bd(S) denote the interior
and boundary of S, respectively. The total variation distance between two
probability measures P1 and P2 defined on a common measurable space is
denoted by ||P1−P2||TV. Expectations, variances, and covariances are denoted
by E, V, and C, respectively. For any finite set S, the number of elements
of S is denoted by |S|. The function 1( · ) is an indicator function, which is
1 if its argument is true and is 0 otherwise. Uppercase letters A,B,C, . . .
denote finite constants. We write a(n) = O(b(n)) if there exists a finite
constant C > 0 such that |a(n) / b(n)| ≤ C for all large enough n, and write
a(n) = o(b(n)) if, for all ε > 0, |a(n) / b(n)| < ε for all large enough n.

2. Probabilistic framework. We consider a simple and flexible ap-
proach to specifying random graph models with complex dependence from
simple building blocks. Consider a family of probability measures {Pθ, θ ∈
Θ} dominated by a σ-finite measure ν, with densities of the form

(2.1) fθ (x) ∝
N∏
i<j

ϕi,j(xi,j , xSi,j ; θ), x ∈ X,

where ϕi,j : {0, 1}|Si,j |+1×Θ 7→ R+∪{0} is a function that specifies how edge
variable Xi,j depends on a subset of edge variables XSi,j ; here, Si,j denotes
a subset of unordered pairs of nodes {a, b} ⊂ N. We allow the dimension p
of parameter vector θ ∈ Θ ⊆ Rp to increase as a function of the number of
nodes N . A natural choice of reference measure ν is counting measure.

It is worth noting that the factorization of (2.1) does not imply that
edges are independent, because each ϕi,j can be a function of multiple edges
and can hence induce dependence among edges. That said, the factorization
of (2.1) implies conditional independence properties [18], and the resulting
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models can be viewed as undirected graphical models of random graphs
[19, 32]. In contrast to the undirected graphical models of random graphs
by Frank and Strauss [19], which allow edges to depend on many other
edges and can give rise to undesirable behavior [e.g., model near-degeneracy,
23, 40, 3, 43, 9, 12], we leverage additional structure to control dependence
among edges. The additional structure consists of a population with over-
lapping subpopulations and comes with two benefits. First, it facilitates
the construction of novel models with non-trivial dependence. Second, it
helps control the dependence among edges. To demonstrate, we introduce a
novel class of generalized β-models with dependent edges in Sections 2.2–2.4.
Other possible models are sketched in Section 2.5.

2.1. Parameterizations. It is convenient to parameterize the functions of
edges ϕi,j by using exponential parameterizations. Exponential parameter-
izations are widely used in the literature on undirected graphical models:
see, e.g., Lauritzen et al. [32] and Wainwright and Jordan [49]. We therefore
assume that the functions of edges ϕi,j are of the form

(2.2) ϕi,j(xi,j , xSi,j ; θ) := ai,j(xi,j , xSi,j ) exp(〈θ, si,j(xi,j , xSi,j )〉),

where ai,j : {0, 1}|Si,j |+1 7→ R+∪{0} is a function of xi,j and xSi,j , which can
be used to induce sparsity by penalizing edges, and 〈θ, si,j(xi,j , xSi,j )〉 is the
inner product of a vector of parameters θ ∈ Θ ⊆ Rp and a vector of statistics
si,j : {0, 1}|Si,j |+1 7→ Rp ({i, j} ⊂ N). The probability density function (2.1)
with parameterization (2.2) can be written in exponential-family form:

(2.3) fθ(x) = a(x) exp (〈θ, s(x)〉 − ψ(θ)) , x ∈ X,

where a : X 7→ R+ ∪ {0} is given by a(x) :=
∏N
i<j ai,j(xi,j , xSi,j ) and

s : X 7→ Rp is given by

(2.4) s(x) :=
N∑
i<j

si,j(xi,j , xSi,j ).

The function ψ : Θ 7→ R ∪ {∞} ensures that
∫
X fθ(x) d ν(x) = 1:

ψ(θ) := log

∫
X

a(x) exp (〈θ, s(x)〉) d ν(x), θ ∈ Θ.

The parameter space is Θ := {θ ∈ Rp : ψ(θ) < ∞} = Rp, because the
family of densities is an exponential family of densities with respect to a σ-
finite measure with a finite support [8]. To ensure that θ ∈ Θ is identifiable,
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we assume that the exponential family is minimal in the sense of Brown [8,
p. 2]. The assumption of a minimal exponential family involves no loss of
generality, because all non-minimal exponential families can be reduced to
minimal exponential families [8, Theorem 1.9, p. 13].

We demonstrate the probabilistic framework by developing a novel class
of generalized β-models with dependent edges and p ≥ N →∞ parameters.

2.2. Model 1: β-model with independent edges. To introduce generalized
β-models with dependent edges, we first review the β-model with indepen-
dent edges [13]. The β-model assumes that edges between nodes i ∈ N and
j ∈ N are independent Bernoulli(µi,j) (µi,j ∈ (0, 1)) random variables, where

log
µi,j

1− µi,j
= θi + θj , θi ∈ R, θj ∈ R.

The parameters θi and θj can be interpreted as the propensities of nodes
i and j to form edges. The β-model is a special case of the probabilistic
framework introduced above, corresponding to

ϕi,j(xi,j ; θ) = ai,j(xi,j) exp((θi + θj)xi,j), θ = (θ1, . . . , θN ) ∈ RN ,

where ai,j(xi,j) is 1 if xi,j ∈ {0, 1} and is 0 otherwise. The β-model captures
heterogeneity in the propensities of nodes to form edges, but assumes that
edges are independent.

2.3. Model 2: generalized β-model with dependent edges. We introduce a
generalization of the β-model, which captures dependence among edges in-
duced by brokerage in networks, in addition to heterogeneity in the propen-
sities of nodes to form edges. Brokerage can influence economic and political
outcomes of interest and has therefore been studied by economists, political
scientists, and other network scientists since at least the 1980s. An example
of brokerage is given by faculty members of universities with appointments
in both computer science and statistics, who can facilitate collaborations be-
tween faculty members in computer science and faculty members in statistics
and can hence facilitate interdisciplinary research.

To capture dependence among edges induced by brokerage in networks,
consider a finite population of nodes N consisting of K ≥ 2 known subpop-
ulations A1, . . . ,AK , which may overlap in the sense that the intersections
of subpopulations are non-empty. As a consequence, nodes may belong to
multiple subpopulations: e.g., faculty members of universities may have ap-
pointments in multiple departments, which implies that the faculties of de-
partments overlap. Subpopulation structure is inherent to many real-world
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1 2

3
A1 A2

Fig 1. A graphical representation of the dependencies among edges induced by brokerage.
Consider two overlapping subpopulations A1 and A2. The nodes 1 ∈ A1 \ A2 and 2 ∈
A2 \ A1 do not belong to the same subpopulation, but the shared partner 3 ∈ A1 ∩ A2 in
the intersection of subpopulations A1 and A2 can facilitate an edge between nodes 1 and
2, indicated by the dashed line between nodes 1 and 2.

networks, in part because people tend to build communities, and in part
because organizations tend to divide large bodies of people into small bod-
ies of people (e.g., divisions, subdivisions). It is worth noting that we focus
on known subpopulations that can overlap, in contrast to the literature on
stochastic block models [5]. In applications, it is often possible to observe
subpopulation structure: e.g., the appointments of faculty members can be
determined by scraping the websites of universities.

Define, for each node i ∈ N, its neighborhood Ni as the subset of all other
nodes j ∈ N \ {i} that share at least one subpopulation with node i ∈ N:

Ni := {j ∈ N \ {i} : ∃ k ∈ {1, . . . ,K} such that i ∈ Ak and j ∈ Ak} .

To capture dependence among edges induced by shared partners in the in-
tersections of neighborhoods, we consider functions of edges ϕi,j of the form

ϕi,j(xi,j , xSi,j ; θ) := ai,j(xi,j) exp
(
(θi + θj)xi,j + θN+1 bi,j(xi,j , xSi,j )

)
,

where Si,j ⊂ N is the set of unordered pairs of nodes such that one node
is an element of {i, j} and the other node is an element of Ni ∩ Nj ,
ai,j(xi,j) is 1 if xi,j ∈ {0, 1} and is 0 otherwise, and

(2.5) bi,j(xi,j ,xSi,j ) :=


0 if Ni ∩Nj = ∅

xi,j 1

 ∑
h∈Ni ∩Nj

xi,h xj,h ≥ 1

 if Ni ∩Nj 6= ∅.

Here, 1(
∑

h∈Ni ∩Nj
xi,h xj,h ≥ 1) is an indicator function, which is 1 if nodes
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i and j have at least one shared partner in the intersection of neighborhoods
Ni and Nj and is 0 otherwise, and θ = (θ1, . . . , θN+1) ∈ RN+1.

Remark. Generalized β-model captures brokerage in networks. The gen-
eralized β-model captures brokerage in networks, along with heterogeneity
in the propensities of nodes to form edges. To demonstrate, consider the
two overlapping subpopulations A1 and A2 shown in Figure 1. The nodes
1 ∈ A1 \ A2 and 2 ∈ A2 \ A1 do not belong to the same subpopulation, but
the shared partner 3 ∈ A1 ∩ A2 in the intersection of subpopulations A1

and A2 can facilitate an edge between nodes 1 and 2, provided θN+1 > 0.
In the language of network science, nodes in the intersection A1 ∩ A2 of
subpopulations A1 and A2 can act as brokers, facilitating edges between
nodes in A1 \A2 and nodes in A2 \A1. In fact, the generalized β-model can
capture an excess in the expected number of brokered edges relative to the
β-model, in the sense that

(2.6)

Eθ1,...,θN ,θN+1>0 b(X)︸ ︷︷ ︸ > Eθ1,...,θN ,θN+1=0 b(X)︸ ︷︷ ︸,
generalized β-model β-model

where b(X) =
∑N

i<j bi,j(Xi,j , XSi,j ) and Eθ1,...,θN ,θN+1
b(X) is the expecta-

tion of b(X) under (θ1, . . . , θN , θN+1) ∈ RN+1. In other words, the general-
ized β-model with θN+1 > 0 generates graphs that have, on average, more
brokered edges than the β-model, assuming that the propensities θ1, . . . , θN
of nodes 1, . . . , N to form edges are the same under both models. The in-
equality in (2.6) follows from the fact that the generalized β-model is an
exponential-family model along with Corollary 2.5 of Brown [8, p. 37].

2.4. Model 3: sparse generalized β-models with dependent edges. Sparse
random graphs have been studied since the pioneering work of Erdős and
Rényi [e.g., 41, 31, 36, 37, 15]. To develop sparse versions of generalized
β-models, it makes sense to penalize edges between nodes i ∈ N and j ∈ N

that are distant in the sense that Ni ∩ Nj = ∅, without penalizing edges
between nodes that are close in the sense that Ni ∩ Nj 6= ∅. We therefore
induce sparsity by considering Model 2 with

ai,j(xi,j) :=

N
−α xi,j 1(Ni ∩Nj=∅) if xi,j ∈ {0, 1}

0 otherwise,

where α ∈ (0, 1] is called the level of sparsity of the random graph.
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To demonstrate that Model 3 encourages random graphs to be sparse, we
bound the expected degrees of nodes.

Proposition 1. Consider Model 3 with θ ∈ RN+1 and α ∈ (0, 1]. Then

max
1≤i≤N

Eθ

 N∑
j 6=i

Xi,j

 ≤ 2 exp(2 ||θ||∞)

((
max

1≤h≤N
|Nh|

)2

+N1−α

)
.

Proposition 1 reveals that when the neighborhoods Ni of nodes i ∈ N are
not too large, the random graph is sparse in the sense that the expected
degrees of all nodes are o(N). For example, if the sizes of neighborhoods
and ||θ||∞ are bounded above, the expected degrees are O(N1−α).

2.5. Other possible models. The probabilistic framework is neither re-
stricted to generalized β-models nor the interaction terms used by general-
ized β-models. Such interaction terms have turned out to be useful in prac-
tice [e.g., 28], but other interaction terms can be used to capture brokerage
and other network-mediated phenomena [e.g., 44]. Examples include

• generalized β-models of communication chains, which include indi-
cators of whether edges between nodes belong to a path of length
k ∈ {2, 3, . . . } passing through shared neighborhoods;

• models of random attributes and random connections allowing depen-
dence between attributes and connections;

• spatio-temporal models of random attributes and random connections
indexed by space and time.

3. Statistical guarantees. We establish consistency results and con-
vergence rates of maximum likelihood and pseudo-likelihood-based M -esti-
mators in Sections 3.2 and 3.3, respectively. We then present applications to
β- and generalized β-models with dependent edges in Section 3.4. To pre-
pare the ground, we first discuss how the dependence among edges and the
smoothness of sufficient statistics can be quantified. To ease the presenta-
tion, we replace the double subscripts of edge variables by single subscripts
and write (Xm)1≤m≤M instead of (Xi,j)i<j: i∈N, j∈N, where M =

(
N
2

)
. The

data-generating parameter vector is denoted by θ? ∈ Θ = Rp.

3.1. Controlling dependence and smoothness. To obtain consistency re-
sults and convergence rates based on a single observation of a random graph
with dependent edges, we need to control the dependence among edges along
with the smoothness of the sufficient statistics of the model.
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The dependence among edges can be controlled by bounding the total
variation distance between conditional probability mass functions of edge
variables, quantifying how much the conditional probability mass functions
of edge variables are affected by changes of other edge variables. Let Xa:b :=
(Xa, . . . , Xb) ∈ {0, 1}b−a+1, where a ≤ b and a, b ∈ {1, . . . ,M}. For each
i ∈ {1, . . . ,M}, we denote the conditional mass function of subgraphXi+1:M

given subgraph (X1:i−1, Xi) = (x1:i−1, xi) by Pθ?,x1:i−1,xi :

Pθ?,x1:i−1,xi(Xi+1:M = a) := Pθ?(Xi+1:M = a | (X1:i−1, Xi) = (x1:i−1, xi)),

where a ∈ {0, 1}M−i. We quantify the dependence among edges by bound-
ing the total variation distance between the conditional probability mass
functions Pθ?,x1:i−1,0 and Pθ?,x1:i−1,1 by using coupling techniques [35]. Let
(X?

i+1:M , X
??
i+1:M ) be a coupling of Pθ?,x1:i−1,0 and Pθ?,x1:i−1,1 and denote

the joint probability mass function of (X?
i+1:M , X

??
i+1:M ) by Qθ?,i,x1:i−1

. A
coupling is constructed in the supplement [46]. Based on the coupling, we
construct an M ×M coupling matrix DN (θ?) with elements

Di,j(θ
?) :=


0 if j < i

1 if j = i

max
x1:i−1∈{0,1}i−1

Qθ?,i,x1:i−1
(X?

j 6= X??
j ) if j > i.

The elements Di,j(θ
?) represent bounds on the total variation distance be-

tween conditional probability mass functions of edge variables Xj (j > i)
given subgraph (X1:i−1, Xi) = (x1:i−1, xi) due to changing xi = 0 to xi = 1.
While the definition of DN (θ?) depends on the ordering of edge variables,
it is possible to obtain bounds on |||DN (θ?)|||2 that hold for all orderings. In
Section 3.3.2, we take advantage of coupling techniques from the literature
on percolation theory to bound the spectral norm |||DN (θ?)|||2 of DN (θ?).

To control the smoothness of the sufficient statistics of the model, define

Ξi,j := max
(x,x′)∈X×X: xk=x′k for all k 6=j

|si(x)− si(x′)|, j = 1, . . . ,M,

where s1(x), . . . , sp(x) are the coordinates of sufficient statistic vector s(x) ∈
Rp defined in (2.4). Write Ξi = (Ξi,1, . . . ,Ξi,M ) and define

ΨN := max
1≤i≤p

||Ξi||2.

To exclude the trivial case ΨN = 0, we assume that there exist finite con-
stants C0 > 0 and N0 ≥ 2 such that ΨN > C0 > 0 for all N > N0.
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3.2. Maximum likelihood estimators. Consider a single observation x of
a random graph X with dependent edges. Let `(θ; x) := log fθ(x) and

Θ̂ := {θ ∈ Rp : ||∇θ `(θ; x)||∞ = 0 } .

We develop a novel approach to establishing consistency results and conver-
gence rates of maximum likelihood estimators for discrete undirected graph-
ical models with exponential parameterizations and parameter vectors of
increasing dimension in single-observation scenarios. These results serve as
a stepping stone for establishing consistency results and convergence rates
of pseudo-likelihood-based M -estimators in Section 3.3.

Let ε? ∈ (0, ∞) be a constant, independent of N and p. Define I(θ) :=
∇2
θ ψ(θ) = Cθ s(X) = −Eθ∇2

θ `(θ; X) [33, Theorem 2.7.1, p. 49] and

ΛN (θ?) := inf
θ∈B∞(θ?, ε?)

p
√

det(I(θ))

CN (θ?) := sup
θ∈B∞(θ?, ε?)

|||I(θ)|||∞ |||(I(θ))−1|||∞

ΦN (θ?) :=
ΛN (θ?)

CN (θ?) |||DN (θ?)|||2 ΨN

√
log max{N, p}

,

where ΛN (θ?) ≥ 0, CN (θ?) ≥ 1, and |||DN (θ?)|||2 ≥ 1 by definition, while
ΨN > C0 > 0 by assumption, provided N is large enough.

Theorem 1. Consider a single observation of a random graph with N
nodes and M =

(
N
2

)
dependent edges. Assume that θ? ∈ Θ = Rp, where

p → ∞ as N → ∞ is allowed. If ΦN (θ?) → ∞ as N → ∞, there exists
a finite constant N0 ≥ 2 such that, for all N > N0, the random set Θ̂ is
non-empty and its unique element θ̂ satisfies

||θ̂ − θ?||∞ ≤
√

3/2

ΦN (θ?)

with at least probability 1− 2 /max{N, p}2.

The assumption ΦN (θ?) → ∞ ensures that I(θ) is invertible for all
θ ∈ Θ in a neighborhood B∞(θ?, ε?) of the data-generating parameter vec-
tor θ? ∈ Θ = Rp, provided N is large enough. While Theorem 1 is stated
in terms of random graphs, Theorem 1 covers discrete undirected graph-
ical models with exponential parameterizations and parameter vectors of
increasing dimension in single-observation scenarios.

Theorem 1 suggests that the convergence rate of maximum likelihood
estimators depends on the dimension p of the parameter space Θ = Rp and
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• the Fisher information matrix I(θ), via the geometric mean of its
eigenvalues ΛN (θ?) and its `∞-induced condition number CN (θ?) in a
neighborhood of the data-generating parameter vector θ? ∈ Rp;

• the dependence induced by the model, quantified by |||DN (θ?)|||2;
• the sensitivity of sufficient statistics, quantified by ΨN .

We highlight the impact of two complex phenomena on the convergence
rate: phase transitions and model near-degeneracy [23, 40, 3, 43, 9, 12, 44].
It is known that some random graph models with dependent edges [e.g., the
ill-posed triangle model, 23, 40, 3, 43, 9, 12, 44] exhibit phase transitions
and model near-degeneracy. To examine the impact of phase transitions and
model near-degeneracy on the convergence rate, consider a model with a
parameter space Θ = Rp divided into two or more subsets (regimes) inducing
very different distributions, some of which may place almost all mass on a
small subset of graphs (e.g., near-empty or near-complete graphs).

Phase transitions. On subsets of Θ where transitions between such regimes
occur, small changes of natural parameters θ can lead to large changes
of mean-value parameters µ(θ) := ∇θ ψ(θ) = Eθ s(X). In such cases,
I(θ) := ∇2

θ ψ(θ) can become ill-posed in the sense that the `∞-induced
condition number of I(θ) can be large for some or all θ ∈ B∞(θ?, ε?),
reducing the convergence rate via CN (θ?).

Model near-degeneracy. On subsets of Θ inducing near-degenerate distri-
butions, the variances of sufficient statistics (e.g., the number of edges) can
be small, so that det(I(θ)) = det(Cθ s(X)) can be small for some or all
θ ∈ B∞(θ?, ε?). In such cases, the convergence rate is reduced via ΛN (θ?).
In addition, model near-degeneracy is sometimes associated with strong de-
pendence and high sensitivity of sufficient statistics [43, 9], depressing the
convergence rate via |||DN (θ?)|||2 and ΨN . An example is the ill-posed trian-
gle model [23, 40, 3, 43, 9, 12, 44]. We are interested in well-posed models
that are amenable to scalable estimation with statistical guarantees, there-
fore the applications in Section 3.4 focus on models that leverage additional
structure to control all relevant quantities.

Conclusion. On subsets of θ? ∈ Θ with ΦN (θ?) → 0, Theorem 1 does
not establish consistency. Theorem 1 does establish consistency on subsets
of θ? ∈ Θ with ΦN (θ?) →∞. It is worth noting that phase transitions are
of interest in physics, but are often viewed as a nuisance in the statistical
analysis of relations involving living organisms. Thus, Theorem 1 establishes
consistency on those subsets of Θ that are capable of generating data re-
sembling networks arising in the life sciences and the social sciences.
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Proof of Theorem 1. The mapping µ : Θ 7→ M from the natural
parameter space Θ = Rp to the mean-value parameter space M := µ(Θ)
defined by µ(θ) := ∇θ ψ(θ) = Eθ s(X) is a homeomorphism [8, Theorem
3.6, p. 74], which implies that its inverse µ−1 : M 7→ Θ exists and µ and
µ−1 are continuous, one-to-one, and onto. Consider any ε ∈ (0, ε?) small
enough so that µ(B∞(θ?, ε)) ⊆ int(M) and define

δ(ε) := inf
µ′ ∈ bd(µ(B∞(θ?, ε)))

||µ′ − µ(θ?)||∞.

By the definition of δ(ε), B∞(µ(θ?), δ(ε)) is the largest hypercube centered
at µ(θ?) and contained in µ(B∞(θ?, ε)), so that

(3.1) B∞(µ(θ?), δ(ε)) ⊆ µ(B∞(θ?, ε)) ⊆ int(M).

In the event s(X) ∈ µ(B∞(θ?, ε)) ⊆ int(M), the random set Θ̂ is non-
empty and its unique element θ̂ solves µ(θ̂) = s(X) [8, Theorem 5.5, p.
148]. The mapping µ : Θ 7→M is one-to-one, hence

(3.2)
P
(
θ̂ ∈ B∞(θ?, ε)

)
= P

(
µ(θ̂) ∈ µ(B∞(θ?, ε))

)
≥ P

(
µ(θ̂) ∈ B∞(µ(θ?), δ(ε))

)
≥ 1− 2 τ(δ(ε)),

where the first lower bound follows from (3.1) while the second lower bound
follows from Lemma 1 in the supplement [46], with τ(t) defined by

(3.3) τ(t) := exp

(
− 2 t2

|||DN (θ?)|||22 Ψ2
N

+ log p

)
, t > 0.

To convert convergence rates of µ(θ̂) into convergence rates of θ̂ based
on (3.2) and (3.3), we bound δ(ε) from below by using the continuity of
µ : Θ 7→M, which implies that there exists V(δ(ε)) ∈ (0, ε] such that

µ(B∞(θ?, V(δ(ε)))) ⊆ B∞(µ(θ?), δ(ε)).

First, we show that δ(ε) is bounded below by V(δ(ε)) ΛN (θ?), by bounding
the p-dimensional Lebesgue measure L of the hypercube B∞(µ(θ?), δ(ε)):

(2 δ(ε))p = L(B∞(µ(θ?), δ(ε))) ≥
∫
Rp

1(µ′ ∈ µ(B∞(θ?, V(δ(ε))))) dL(µ′)

=

∫
Rp

1(θ′ ∈ B∞(θ?, V(δ(ε)))) det(I(θ′)) dL(θ′) ≥ (2 V(δ(ε)) ΛN (θ?))p.
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Second, we show that a stronger result can be obtained: δ(ε) is bounded be-
low by a multiple of εΛN (θ?), which provides the key to converting conver-
gence rates of µ(θ̂) into convergence rates of θ̂ based on (3.2) and (3.3). The
main insight is that all ρ > 0 for which µ−1(B∞(µ(θ?), ρ)) ⊆ B∞(θ?, ε)
satisfy ρ ≤ δ(ε) by the definition of δ(ε). Leveraging it, we show that δ(ε)
is bounded below by a multiple of ε ΛN (θ?) by proving that

(3.4) µ−1
(
B∞

(
µ(θ?),

ε ΛN (θ?)

CN (θ?)

))
⊆ B∞(θ?, ε) ⊂ Θ = Rp,

which implies that ε ΛN (θ?) /CN (θ?) ≤ δ(ε). It is worth noting that CN (θ?)

• is either bounded above by a finite constant, independent of N and p;

• or increases as a function of N , which is permissible but comes at a
cost in terms of the convergence rate: see Corollary 1 in Section 3.4.

To establish (3.4) in both scenarios, let

• µ′ ∈ B∞(µ(θ?), ε ΛN (θ?) /CN (θ?)) be an arbitrary mean-value pa-
rameter vector;

• θ′ ∈ µ−1(B∞(µ(θ?), ε ΛN (θ?) /CN (θ?))) be the natural parameter
vector corresponding to µ′ ∈ B∞(µ(θ?), ε ΛN (θ?) /CN (θ?));

and note that µ−1 : M 7→ Θ is one-to-one and µ′ is identical to µ(θ′).
By the multivariate mean-value theorem [20, Theorem 5], there exists θ′′ ∈
B∞(θ?, ε?) such that µ(θ′)−µ(θ?) = I(θ′′) (θ′−θ?). Observe that I(θ′′) is
invertible provided N is large enough, because the assumption ΦN (θ?)→∞
as N → ∞ implies that there exist finite constants C1 > 0, C2 > 0, and
N1 ≥ 2 such that ΦN (θ?) ≥ C1 and ΛN (θ?) ≥ C2 for all N > N1. It follows
that θ′ ∈ µ−1(B∞(µ(θ?), ε ΛN (θ?) /CN (θ?))) satisfies

||θ′ − θ?||∞ ≤ |||(I(θ′′))−1|||∞ ||µ(θ′)− µ(θ?)||∞ ≤ |||(I(θ′′))−1|||∞
ε ΛN (θ?)

CN (θ?)
.

We bound ΛN (θ?) by noting that p
√

det(I(θ)) ≤ λmax(θ) ≤ |||I(θ)|||∞ for
all θ ∈ Θ, where λmax(θ) is the largest eigenvalue of I(θ). We obtain

||θ′ − θ?||∞ ≤ ε

CN (θ?)
|||(I(θ′′))−1|||∞ inf

θ∈B∞(θ?, ε?)
|||I(θ)|||∞

≤ ε

CN (θ?)
|||(I(θ′′))−1|||∞ |||I(θ′′)|||∞ ≤ ε,

where the last inequality follows from the definition of CN (θ?). We conclude
that (3.4) holds, which implies δ(ε) ≥ ε ΛN (θ?) /CN (θ?) and hence

P
(
θ̂ ∈ B∞(θ?, ε)

)
≥ 1− 2 τ(δ(ε)) ≥ 1− 2 τ

(
ε ΛN (θ?)

CN (θ?)

)
.
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To make the probability of event θ̂ ∈ B∞(θ?, ε) at least 1−2 /max{N, p}2,
set ε =

√
3/2 /ΦN (θ?). The assumption ΦN (θ?) → ∞ as N → ∞ implies

that there exists a finite constant N2 ≥ 2 such that ε =
√

3/2 /ΦN (θ?) ∈
(0, ε?) for all N > N2. Thus, for all N > max{N1, N2} ≥ 2, the random set
Θ̂ is non-empty and its unique element θ̂ satisfies

(3.5) ||θ̂ − θ?||∞ ≤
√

3/2

ΦN (θ?)

with at least probability 1− 2 /max{N, p}2.

3.3. Pseudo-likelihood-based M -estimators. Maximum likelihood estima-
tors are unappealing on computational grounds, because evaluating `(θ; x)
requires the normalizing constant of fθ(x). The normalizing constant of
fθ(x) is a sum over exp(M log 2) possible graphs and cannot be computed
unless M =

(
N
2

)
is small or the model makes restrictive independence as-

sumptions. As a scalable alternative, consider M -estimators

Θ̃(γN ) :=
{
θ ∈ Rp : ||∇θ ˜̀(θ; x)||∞ ≤ γN

}
, γN ∈ [0, ∞)

based on the pseudo-loglikelihood function

˜̀(θ; x) := log

M∏
i=1

fθ(xi | x−i),

where fθ(xi | x−i) is the conditional probability of Xi = xi given the values
of all other edge variables X−i = x−i (i = 1, . . . ,M).

To state the main result, let i ∈ {1, . . . ,M} and Ni ⊆ {1, . . . ,M} \ {i}
be the smallest subset of {1, . . . ,M} \ {i} such that

Xi ⊥⊥ X \ (Xi, XNi) |XNi .

Let ε? ∈ (0, ∞) be a constant, independent of N and p, and define

Λ̃N (θ?) := inf
θ∈B∞(θ?, ε?)

p

√
det(−E ∇2

θ
˜̀(θ;X))

C̃N (θ?) := sup
θ∈B∞(θ?, ε?)

|||− E ∇2
θ
˜̀(θ;X)|||∞ |||(−E ∇2

θ
˜̀(θ;X))−1|||∞

Φ̃N (θ?) :=
Λ̃N (θ?)

C̃N (θ?) max

{
1, max

1≤i≤M
|Ni|

}
|||DN (θ?)|||2 ΨN

√
log max{N, p}

,
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where Λ̃N (θ?) ≥ 0, C̃N (θ?) ≥ 1, and |||DN (θ?)|||2 ≥ 1 by definition, while
ΨN > C0 > 0 by assumption, provided N is large enough.

We then obtain the following consistency results and convergence rates of
pseudo-likelihood-based M -estimators. In contrast to the single-observation
literature on Ising models and discrete Markov random fields [e.g., 29, 16,
11, 4, 22], which has focused on a fixed number of parameters p, we accom-
modate scenarios with p→∞ parameters.

Theorem 2. Consider a single observation of a random graph with N
nodes and M =

(
N
2

)
dependent edges. Assume that θ? ∈ Θ = Rp, where

p → ∞ as N → ∞ is allowed. If Φ̃N (θ?) → ∞ as N → ∞, there exists a
finite constant N0 ≥ 2 such that, for all N > N0, the random set Θ̃(γN ) is
non-empty and any element θ̃ of Θ̃(γN ) satisfies

||θ̃ − θ?||∞ ≤ 3

Φ̃N (θ?)

with at least probability 1− 2 /max{N, p}2, provided

γN =
√

3/2 max

{
1, max

1≤i≤M
|Ni|

}
|||DN (θ?)|||2 ΨN

√
log max{N, p}.

A proof of Theorem 2 is provided in the supplement [46]. While stated
in terms of random graphs, Theorems 1 and 2 cover discrete undirected
graphical models with exponential parameterizations and parameter vectors
of increasing dimension in single-observation scenarios. As a result, Theo-
rems 1 and 2 have possible applications to discrete and dependent network,
spatial, and temporal data. It is worth noting that the maximum neighbor-
hood size max1≤i≤M |Ni| in Theorem 2 can increase as a function of N , as
demonstrated by Corollaries 2 and 3 in Section 3.4.

We present applications to generalized β-models with dependent edges
and p ≥ N → ∞ parameters in Section 3.4, but first provide a simple
application of Theorems 1 and 2 and explore how fast p can grow as a
function of N . We then explain how Φ̃N (θ?) can be bounded.

3.3.1. Example: growth of p as a function of N . To showcase Theorems
1 and 2 in one of the simplest possible scenarios and explore how fast the
dimension p of the parameter space Θ = Rp can grow as a function of
N , we consider inhomogeneous Bernoulli random graphs in the dense-graph
regime. Inhomogeneous Bernoulli random graphs assume that edge variables
Xi are independent Bernoulli(µi) random variables, where the edge proba-
bilities µi = EXi satisfy 0 < C1 < µi < C2 < 1 for finite constants C1 and
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C2, independent of N . Suppose that each edge variable Xi belongs to one of
p ≤M distinct categories k ∈ {1, . . . , p} with edge probabilities πk ∈ (0, 1)
and that µi = πk if edge variable Xi is assigned to category k. Inhomo-
geneous Bernoulli random graphs are statistical exponential families with
parameters θk = logit(πk) and sufficient statistics sk(x) =

∑M
i=1 1k(i)xi

(k = 1, . . . , p), where θ = (θ1, . . . , θp) ∈ Rp, s(x) = (s1(x), . . . , sp(x)) ∈ Rp,
and 1k(i) is 1 if edge variable Xi is assigned to category k and is 0 other-
wise. Since edges are independent, the pseudo-loglikelihood function reduces
to the loglikelihood and its negative expected Hessian is I(θ) = Cθ s(X).
By the independence of edges, Cθ s(X) is a diagonal matrix, so the variances
Vθ s1(X), . . . , Vθ sp(X) are the eigenvalues of Cθ s(X). To bound them,
assume that there exist finite constants 0 < C3 < C4 such that

C3N
2

p
≤

M∑
i=1

1k(i) ≤
C4N

2

p
, k = 1, . . . , p.

Then there exists a constant C5 > 0, independent of N and p, such that

inf
θ∈B∞(θ?, ε?)

p
√

det(I(θ)) ≥ inf
θ∈B∞(θ?, ε?)

min
1≤k≤p

Vθ sk(X) ≥ C5N
2

p
.

As a result, ΛN (θ?) = Λ̃N (θ?) is bounded below by C5 N
2/ p. In addi-

tion, |||I(θ)|||∞ is bounded above by a constant multiple of N2 / p while
|||(I(θ))−1|||∞ is bounded above by a constant multiple of p /N2, so that

CN (θ?) = C̃N (θ?) is bounded above by a constant, independent of N and p.
By the independence of edges, max1≤i≤M |Ni| = 0 and the coupling matrix
DN (θ?) is the M ×M identity matrix, with spectral norm |||DN (θ?)|||2 = 1.
The quantity ΨN := max1≤k≤p ||Ξk||2 can be bounded as follows. First,
adding or deleting an edge in any category k can change the number of edges
sk(x) in category k by −1 or +1, while changes of edges in other categories
leave sk(x) unchanged. Second, each category k contains at most C4N

2/ p
edges, so ||Ξk||2 ≤

√
C4N2/ p for all k and hence ΨN ≤

√
C4N2/ p. Thus,

there exists a constant C > 0, independent of N and p, such that

ΦN (θ?) = Φ̃N (θ?) ≥ C N√
p log max{N, p}

.

If p = o(N2/ logN), then ΦN (θ?) → ∞ and the maximum likelihood and
pseudo-likelihood estimators θ̂ and θ̃ are consistent estimators of θ? ∈ Θ =
Rp by Theorem 1; note that θ̂ and θ̃ are equal with probability 1 when
edges are independent. Thus, Theorems 1 and 2 confirm the intuition that
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the number of parameters p we can estimate (without assuming θ? to be
sparse) is less than N2 (ignoring logarithmic terms). These results dovetail
with the results of Portnoy [38, Theorem 2.1] based on n→∞ independent
observations from a statistical exponential family with p → ∞ parameters,
which suggest that consistency results can be obtained as long as p = o(n);
note that the number of independent observations under inhomogeneous
Bernoulli random graphs is n =

(
N
2

)
. While the example is limited to inho-

mogeneous Bernoulli random graphs, we conjecture that p can grow at most
as fast when edges are dependent and the random graph is sparse, because
dependence increases |||DN (θ?)|||2 while sparsity decreases ΛN (θ?).

3.3.2. Bounding the spectral norm of the coupling matrix. If edges are
dependent, the spectral norm |||DN (θ?)|||2 of the coupling matrix DN (θ?)
can be bounded by using the inequality

|||DN (θ?)|||2 ≤
√
|||DN (θ?)|||1 |||DN (θ?)|||∞.

The elements Di,j(θ
?) of DN (θ?) can be bounded by leveraging coupling

techniques from percolation theory [48], applied to a conditional indepen-
dence graph G with a set of vertices V = {X1, . . . , XM} and a set of edges
representing the conditional independence structure of a random graph. It is
worth repeating that models with densities of the form (2.1) possess factor-
ization properties and hence conditional independence properties [18], which
can be represented by a conditional independence graph G [32].

For any vertex Xi ∈ V of the conditional independence graph G and
any x1:i−1 ∈ {0, 1}i−1, we construct a coupling (X?

i+1:M , X
??
i+1:M ) of the

conditional probability mass functions Pθ?,x1:i−1,0 and Pθ?,x1:i−1,1 defined
in Section 3.1. The coupling is described in the supplement [46] and helps
translate the hard problem of bounding probabilities of events involving
dependent edges into the more convenient problem of bounding probabilities
of events involving independent edges. To demonstrate, consider any vertex
Xi ∈ V and any vertex Xj ∈ {Xi+1, . . . , XM} and let i 6←→ j be the event
that there exists a path of disagreement between vertices Xi and Xj in G,
in the sense that X?

v 6= X??
v for all vertices Xv along the path. Theorem 1

of van den Berg and Maes [48] implies that

(3.6) Qθ?,i,x1:i−1
(X?

j 6= X??
j ) = Qθ?,i,x1:i−1

(i 6←→ j) ≤ Bπ(θ?)(i 6←→ j),

where Bπ(θ?) is a Bernoulli product measure on {0, 1}M with probability
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vector π(θ?) ∈ [0, 1]M . The coordinates πv(θ
?) of π(θ?) are given by

πv(θ
?) :=


0 if v ≤ i− 1

1 if v = i

max
(x−v ,x′−v)∈{0,1}M−1×{0,1}M−1

πv,x−v ,x′−v
(θ?) if v ≥ i+ 1,

where

πv,x−v ,x′−v
(θ?) := ||Pθ?( · |X−v = x−v)− Pθ?( · |X−v = x′−v)||TV

is the total variation distance between the conditional probability mass func-
tions of vertex Xv givenX−v = x−v andX−v = x′−v. The Bernoulli product
measure Bπ(θ?) assumes that independent Bernoulli experiments are carried
out at vertices Xv of G, with two possible outcomes: Either a vertex Xv

is “open,” in the sense that X?
v 6= X??

v and hence a path of disagreement
i 6←→ j can pass through Xv, or Xv is “closed.” A vertex Xv is “open” with
probability πv(θ

?). By construction, vertices Xv ∈ {1, . . . , i−1} are “closed”
and vertex Xi is “open” with probability one.

Using (3.6), we can bound the above-diagonal elements Di,j(θ
?) of DN (θ?):

Di,j(θ
?) = max

x1:i−1∈{0,1}i−1
Qθ?,i,x1:i−1

(X?
j 6= X??

j ) ≤ Bπ(θ?)(i 6←→ j),

while the below-diagonal and diagonal elements of DN (θ?) are 0 and 1, re-
spectively. Specific bounds will depend on the model and its data-generating
parameter vector θ? ∈ Θ = Rp. Applications to generalized β-models with
dependent edges can be found in the supplement [46].

3.3.3. Bounding the p-th root determinant of the negative expected Hes-
sian. To establish convergence rates, we need to bound ΛN (θ?) and Λ̃N (θ?).
Consider Λ̃N (θ?), the infimum of the p-th root determinant of−E ∇2

θ
˜̀(θ;X)

on B∞(θ?, ε?). In applications to generalized β-models, we bound Λ̃N (θ?)
by exploiting the properties of determinants along with the conditional in-
dependence properties of generalized β-models. We first bound the determi-
nant of the N ×N submatrix of −E ∇2

θ
˜̀(θ;X) corresponding to the degree

parameters θ1, . . . , θN by bounding its smallest eigenvalue. We then bound
the determinant of −E ∇2

θ
˜̀(θ;X) by relating it to the determinant of its

submatrix. Details can be found in the supplement [46].

3.3.4. Bounding the smoothness of the sufficient statistics. The quantity
ΨN := max1≤i≤p ||Ξi||2 can be bounded by bounding the coordinates Ξi,j
of Ξi. Bounding Ξi,j amounts to bounding changes of sufficient statistics,
which is – more often than not – a simple combinatorical exercise.
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3.4. Applications. We present applications of pseudo-likelihood-basedM -
estimators to β- and generalized β-models with dependent edges and p ≥
N → ∞ parameters, in dense- and sparse-graph settings. Throughout, we
assume that the data-generating parameter vector θ? ∈ Θ = Rp satisfies

(3.7) ||θ?||∞ ≤


L+ (1− ϑ) logN

8
under Model 1

L+ (1− ϑ) logN

16 (3 +DN )
under Models 2 and 3,

where L ≥ 0 and ϑ ∈ (4/5, 1] are finite constants, independent of N and p,
and DN := max1≤i≤M |Ni| ≥ 0 can increase as a function of N .

We start with the β-model [13], because its theoretical properties have
been studied and it is therefore a convenient benchmark.

Corollary 1. Consider Model 1, the β-model with independent edges, with
θ? ∈ RN satisfying (3.7). Then

γN =
√

3/2
√
N logN

and there exist finite constants B ≥ 1, C > 0, and N0 ≥ 2, independent of
N and p, such that, for all N > N0, CN (θ?) = C̃N (θ?) ≤ BN3 (1−ϑ)/2 and

ΦN (θ?) = Φ̃N (θ?) ≥ C

√
N5ϑ−4

logN
, ϑ ∈ (4/5, 1].

Corollary 1 reveals that the highest convergence rate is obtained when
||θ?||∞ is bounded above (case ϑ = 1). If ||θ?||∞ increases as a function

of N (case ϑ ∈ (4/5, 1)), the `∞-induced condition number C̃N (θ?) in-
creases, which reduces the convergence rate via ϑ. Condition (3.7) is the
weakest known condition on ||θ?||∞: Chatterjee et al. [13, Theorem 1.3] re-
port a non-asymptotic error bound of the form ||θ̂ − θ?||∞ ≤ C

√
N / logN

assuming that ||θ?||∞ is bounded above (case ϑ = 1), while Yan and Xu
[52, Theorem 1] report asymptotic consistency and normality results assum-
ing that ||θ?||∞ = o(log logN). By contrast, condition (3.7) assumes that
||θ?||∞ < (1/40) logN (θ? ∈ RN , L = 0), which dovetails with the con-
dition ||θ?||∞ < (1/24) logN (θ? ∈ R2N−1) of Yan et al. [51, Theorem 1]
based on the p1-model for directed random graphs; note that the β-model
for undirected random graphs can be viewed as a relative of the p1-model
for directed random graphs, because both models are statistical exponential-
family models of degree sequences. These results, along with the results on
the dimension p of the parameter space Θ = Rp in Section 3.3.1, demon-
strate that Theorems 1 and 2 recover the best known results for random
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graphs with independent edges and p→∞ parameters, suggesting that the
generality of Theorems 1 and 2 comes at a low cost.

To demonstrate that Theorem 2 covers random graph models with de-
pendent edges, we turn to generalized β-models with dependent edges.

Corollary 2. Consider Model 2, the generalized β-model with dependent
edges, with θ? ∈ RN+1 satisfying (3.7). Then there exist finite constants
C > 0 and N0 ≥ 2, independent of N and p, such that, for all N > N0,

(3.8)
√

3/2 |||DN (θ?)|||2
√
N logN ≤ γN ≤ 6 D2

N |||DN (θ?)|||2
√
N logN

and

Φ̃N (θ?) ≥ C

C̃N (θ?) D3
N |||DN (θ?)|||2

√
N2ϑ−1

logN
,

where edges are dependent when θN+1 6= 0, DN := max1≤i≤M |Ni| ≥ 1 can
increase as a function of N when θN+1 6= 0, and min1≤k≤K |Ak| ≥ 3.

Corollary 2 reveals that the convergence rate depends on the dependence
among edges in terms of |||DN (θ?)|||2 and the maximum neighborhood size
DN , which can increase as a function of N . It is worth noting that condition
(3.7) implies that DN must satisfy DN = O(logN) to prevent ||θ?||∞ from
approaching 0 (case ϑ ∈ (4/5, 1)). If ||θ?||∞ is allowed to approach 0, DN

can increase faster than logN . Conditions under which ||θ?||∞ is allowed to
approach 0 are known as mean-field conditions [e.g., 11, 22] and are used to
study Ising models and other models in physics.

To bound |||DN (θ?)|||2, we introduce a subpopulation graph GA with a
set of vertices VA = {A1, . . . ,AK}, where a pair of distinct subpopulations
Ak and Al is connected by an edge if and only if Ak ∩ Al 6= ∅. Denote
by dGA

: VA × VA 7→ {0, 1, . . .} ∪ {∞} the length of the shortest path
between pairs of subpopulations in GA, called the graph distance; note that
dGA

(Ak, Ak) = 0 and dGA
(Ak, Al) = ∞ if there is no path of finite length

between two distinct subpopulations Ak and Al. Let VAk,l be the subset of
subpopulations at graph distance l from a given subpopulation Ak:

VAk,l := {A? ∈ {A1, . . . ,AK} \ {Ak} : dGA
(Ak, A

?) = l} .

Assumption A. Define ξ := 1/(1 + exp(−L/ 16)), where L ≥ 0 is iden-
tical to the finite constant L in (3.7) and is independent of N and p. Let
DN := max1≤i≤M |Ni| ≥ 1 and assume that there exist finite constants
ω1 ≥ 0 and ω2 ∈ [0, 1/| log(1− ξ)|), independent of N and p, such that

max
1≤k≤K

|VAk,l| ≤ ω1 + ω2
log l

8D2
N

, l ∈ {1, . . . ,K − 1}.
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Assumption A covers tree- and non-tree subpopulation graphs in which,
for each subpopulation, the number of subpopulations at graph distance l is
either constant or grows slowly as a function of l (depending on DN ).

Corollary 3. Consider Model 3, the generalized β-model with dependent
edges and a known level of sparsity α ∈ (0, 1/2), with θ? ∈ RN+1 satisfying
(3.7) and γN satisfying (3.8). Let C > 0, C1 > 0, C2 > 0, C3 > 0, and
N0 ≥ 2 be finite constants, independent of N and p. Then, for all N > N0,

Φ̃N (θ?) ≥ C

C̃N (θ?) D3
N |||DN (θ?)|||2

√
N2 (ϑ−α)−1

logN
,

where the random graph is sparse when α ∈ (0, 1/2), edges are dependent
when θN+1 6= 0, DN := max1≤i≤M |Ni| ≥ 1 can increase as a function of N
when θN+1 6= 0, and min1≤k≤K |Ak| ≥ 3. If Assumption A holds, then:

• Scenario 1: If the subpopulations do not intersect (ω1 = ω2 = 0) and
θ? ∈ RN+1 satisfies (3.7) with ϑ ∈ (max{4/5, 1/2 + α}, 1], then

Φ̃N (θ?) ≥ C1

C̃N (θ?) D5
N

√
N2 (ϑ−α)−1

logN
.

• Scenario 2: If the subpopulations do intersect and θ? ∈ RN+1 satisfies
(3.7) with ϑ = 1, then

Φ̃N (θ?) ≥ C2

C̃N (θ?) D5
N exp(C3D

2
N )

√
N1−2α

logN
.

Corollary 3 shows that sparsity reduces the convergence rate. The maxi-
mum neighborhood size DN can increase as a function of N , regardless of
whether the subpopulations do not overlap (first scenario) or do overlap
(second scenario). That said, overlap comes at a cost in terms of the con-
vergence rate: e.g., in the second scenario, the convergence rate is reduced
by a factor of exp(C3D

2
N ), compared with the first scenario (case ϑ = 1). It

is worth noting that results on related statistical exponential-family mod-
els for dependent random variables in single-observation scenarios indicate
that neighborhoods cannot be too large. For example, the results of Chat-
terjee and Diaconis [12] along with earlier results [23, 40, 3, 43] suggest
that exponential-family random graphs with neighborhoods of sizes O(N)
may not be well-posed models, and statistical inference for ill-posed mod-
els is questionable. In addition, the recent results of Ghosal and Mukherjee
[22] on two-parameter Ising models, which are likewise exponential-family
models, suggest that consistency results may not be obtainable unless
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(a) either mean-field conditions are satisfied, which have a long tradition
in physics but are less common in other areas;

(b) or the graph that represents the conditional independence structure of
the model satisfies bounded neighborhood assumptions [see condition
(1.2) on p. 787 and Theorem 1.8 on p. 789 of 22].

A final remark is in order with regard to the `∞-induced condition number
C̃N (θ?). In contrast to the `2-induced condition number of −E ∇2

θ
˜̀(θ;X),

which is the ratio of the largest and smallest eigenvalue of −E ∇2
θ
˜̀(θ;X)

and can be bounded by restricting eigenvalues, bounding the `∞-induced
condition number C̃N (θ?) is less simple. In the special case where
−E ∇2

θ
˜̀(θ;X) is diagonally dominant in the sense of Hillar and Wibisono

[25], the `∞-induced condition number C̃N (θ?) can be bounded, as demon-

strated by Corollary 1. In practice, the `∞-induced condition number C̃N (θ?)
can be approximated by numerical methods, provided θ? is replaced by θ̃.

Supplementary materials. Due to space restrictions, we present proofs
of theoretical results along with simulation results in the supplement [46].
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In Appendices A, B, and C, it is convenient to adopt the notation used
in Section 3 of the manuscript, denoting the number of edge variables by
M =

(
N
2

)
and edge variables by X1, . . . , XM , where N is the number of

nodes. In addition, we denote the data-generating parameter vector by θ? ∈
Θ = Rp, the data-generating probability measure and expectation by P ≡
Pθ? and E ≡ Eθ? , and the probability density function of P ≡ Pθ? with
respect to a σ-finite measure ν by f ≡ fθ? . Throughout, we assume that
min1≤k≤K |Ak| ≥ 3. To simplify the proofs, we suppress the argument θ? of
all other quantities that depend on the data-generating parameter vector θ?,
and suppress the subscript N of all quantities that depend on the number
of nodes N .

APPENDIX A: ADDITIONAL RESULTS

We present an additional version of generalized β-models with size-dependent
parameterizations, called Model 4.
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Model 2, introduced in Section 2.3 of the manuscript, assumes that the
weight of the brokerage statistic bi,j does not depend on the sizes of neigh-
borhood intersections. While convenient on mathematical grounds, the as-
sumption that small and large neighborhood intersections have the same
brokerage parameter may be unwarranted. To allow small and large neigh-
borhood intersections to have distinct brokerage parameters, we consider
functions of edges ϕi,j of the form

ϕi,j(xi,j ,xSi,j ;θ) = ai,j(xi,j) exp
(
(θi + θj)xi,j + ηi,j(θN+1) bi,j(xi,j ,xSi,j )

)
,

where ai,j is 1 if xi,j ∈ {0, 1} and is 0 otherwise, bi,j is defined by (2.5), and

ηi,j(θN+1) = θN+1 log

(
1 +

log |Ni ∩ Nj |
|Ni ∩ Nj |

)
, θN+1 ∈ R.

Corollary 4. Consider Model 4, the generalized β-model with dependent
edges and a size-dependent parameterization, with θ? ∈ RN+1 and γ satis-
fying the same conditions as in Corollary 3. Let C > 0, C1 > 0, C2 > 0,
C3 > 0, and N0 ≥ 2 be finite constants, independent of N and p. Then, for
all N > N0,

Φ̃ ≥ C

C̃ D3 |||D|||2

√
N2ϑ−1

logN
,

where edges are dependent provided θN+1 6= 0, D := max1≤i≤M |Ni| ≥ 1 can
increase as a function of N provided θN+1 6= 0, and min1≤k≤K |Ak| ≥ 3. If
Assumption A is satisfied, then:

• Scenario 1: If the subpopulations do not intersect (ω1 = ω2 = 0) and
θ? ∈ RN+1 satisfies (3.7) with ϑ ∈ (4/5, 1], then

Φ̃ ≥ C1

C̃ D5

√
N2ϑ−1

logN
.

• Scenario 2: If the subpopulations do intersect and θ? ∈ RN+1 satisfies
(3.7) with ϑ = 1, then

Φ̃ ≥ C2

C̃ D5 exp(C3D
2)

√
N

logN
.

Corollary 4 demonstrates that theoretical guarantees can be obtained for
models with size-dependent parameterizations, which allow parameters to
depend on the sizes of neighborhood intersections.
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APPENDIX B: PROOF OF THEOREM 1

A proof of Theorem 1 can be found in Section 3.2 of the manuscript. Here,
we state and prove Lemma 1, which is used in the proof of Theorem 1.

Lemma 1. Under the assumptions of Theorem 1, for all t > 0,

P (s(X) ∈ B∞(µ(θ?), t)) ≥ 1− 2 τ(t),

with τ(t) defined by

τ(t) := exp

(
− 2 t2

|||D|||22 Ψ2
+ log p

)
,

where |||D|||2 ≥ 1, p ≥ 1, and Ψ > C0 > 0, provided N is large enough.

Proof of Lemma 1. By Theorem 1 of Chazottes et al. [14, p. 207], for
all t > 0,

P (|si(X)− E si(X)| ≥ t) ≤ 2 exp

(
− 2 t2

|||D|||22 ‖Ξi‖22

)
, i = 1, . . . , p.

A union bound over the p coordinates of s(X) shows that

P (‖s(X)− E s(X)‖∞ ≥ t) ≤ 2 exp

(
− 2 t2

|||D|||22 Ψ2
+ log p

)
,

where Ψ = max1≤i≤p ‖Ξi‖2. As a result,

P (s(X) ∈ B∞(µ(θ?), t)) ≥ 1− 2 τ(t),

where we used the fact that µ(θ?) := Eθ? s(X).

Remark. Extensions to dependent random variables with countable and un-
countable sample spaces. Theorem 1 is not restricted to random graphs with
dependent edges. It covers models of dependent random variables with finite
sample spaces, and can be extended to countable sample spaces: e.g., the
concentration result of Chazottes et al. [14] used in Theorem 1 assumes that
the sample spaces are finite—motivated by applications to Ising models—but
could be extended to countable sample spaces. Uncountable sample spaces
could be accommodated by replacing the concentration result of Chazottes
et al. [14] by other suitable concentration results, e.g., Subgaussian concen-
tration results. Likewise, the exponential-family properties used in Theorem
1 are neither restricted to finite nor countable sample spaces [8].
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APPENDIX C: PROOF OF THEOREM 2

We prove Theorem 2 stated in Section 3.3 of the manuscript. Auxiliary
results are proved in Appendix C.1.

Proof of Theorem 2. To prepare the ground, we first review basic facts
that help prove Theorem 2. Define

g(θ; X) := ∇θ ˜̀(θ; X)

g(θ) := ∇θ E ˜̀(θ; X).

By Lemma 2, the function E ˜̀(θ;X) is a strictly concave function on the
convex set Θ = Rp. In addition, the maximizer of E ˜̀(θ;X) exists and is
unique, and is given by θ? ∈ Θ. By Lemma 3, its gradient

g(θ) = ∇θ E ˜̀(θ;X) = E ∇θ ˜̀(θ;X)

exists, is continuous, and is one-to-one, so the inverse g−1 of g exists and is
continuous. The interchange of differentiation and integration is permitted
by Lebesgue’s dominated convergence theorem [33, Theorem 2.7.1, p. 49].

Consider any ε ∈ (0, ε?). By the continuity of g and its inverse g−1, there
exists δ(ε) > 0 such that

g(θ) ∈ B∞(g(θ?), δ(ε)) implies θ ∈ B∞(θ?, ε).

We divide the remainder of the proof into three parts:

I. Existence.

II. Convergence rate.

III. Uniform convergence of g( · ; X) on Θ.

I. Existence. Consider any γ ∈ (0, δ(ε)/2] and define

G(γ) :=

{
x ∈ X : sup

θ∈Θ
‖g(θ; x)− g(θ)‖∞ ≤ γ

}
⊆ X.

In the event x ∈ G(γ),

‖g(θ?; x)‖∞ = ‖g(θ?; x)− g(θ?)‖∞

≤ sup
θ∈Θ

‖g(θ; x)− g(θ)‖∞ ≤ γ,
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because g(θ?) = 0 by Lemma 2. As a consequence, the set

Θ̃(γ) = {θ ∈ Θ : ‖g(θ; x)‖∞ ≤ γ}

contains the data-generating parameter vector θ? ∈ Θ = Rp and is hence
non-empty in the event x ∈ G(γ).

II. Convergence rate. Suppose that the event x ∈ G(γ) occurs, so that
the set Θ̃(γ) is non-empty. Then, for any element θ̃ of Θ̃(γ),

‖g(θ̃)− g(θ?)‖∞ ≤ ‖g(θ̃)− g(θ̃; x)‖∞ + ‖g(θ̃; x)− g(θ?)‖∞

= ‖g(θ̃; x)− g(θ̃)‖∞ + ‖g(θ̃; x)‖∞

≤ sup
θ∈Θ

‖g(θ; x)− g(θ)‖∞ + γ,

because g(θ?) = 0 by Lemma 2 and ‖g(θ̃; x)‖∞ ≤ γ for any element θ̃ of
Θ̃(γ) by construction of the set Θ̃(γ). In addition, by construction of the
set G(γ) and the choice γ ∈ (0, δ(ε) / 2], we obtain

‖g(θ̃)− g(θ?)‖∞ ≤ sup
θ∈Θ

‖g(θ; x)− g(θ)‖∞ + γ ≤ 2 γ ≤ δ(ε).

In other words, any element θ̃ of Θ̃(γ) satisfies

g(θ̃) ∈ B∞(g(θ?), δ(ε)),

which implies θ̃ ∈ B∞(θ?, ε) and hence

Θ̃(γ) ⊆ B∞(θ?, ε) ⊂ Θ = Rp.

To establish convergence rates, we take advantage of the continuity argument
of Theorem 1, applied to g(θ) rather than µ(θ), which implies that

δ(ε) ≥ ε Λ̃

C̃
.

We establish convergence rates by choosing ε so that the event Θ̃(γ) ⊆
B∞(θ?, ε) occurs with high probability. To do so, we need to establish uni-
form convergence of g( · ; X) on Θ.

III. Uniform convergence of g( · ; X) on Θ. We have seen that, for
any x ∈ X such that

sup
θ∈Θ

‖g(θ; x)− g(θ)‖∞ + γ ≤ δ(ε),
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the set Θ̃(γ) is non-empty and satisfies

Θ̃(γ) ⊆ B∞(θ?, ε).

Thus, we have

P
(
Θ̃(γ) ⊆ B∞(θ?, ε)

)
≥ P

(
sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ + γ ≤ δ(ε)

)
.

The fact that δ(ε) ≥ ε Λ̃ / C̃ implies that

P
(

sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ + γ ≤ δ(ε)

)

≥ P

(
sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ + γ ≤ ε Λ̃

C̃

)
.

We bound the probability of the complement of the event on the right-hand
side by bounding

P

(
sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ + γ >
ε Λ̃

C̃

)

≤ P

(
sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ >
ε Λ̃

2 C̃

)
+ P

(
γ >

ε Λ̃

2 C̃

)
.

The first term on the right-hand side can be bounded by using Lemma 4,
which shows that

P

(
sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ >
ε Λ̃

2 C̃

)

≤ 2 exp

(
− ε2 Λ̃2

2 C̃2 max{1, max1≤i≤M |Ni|}2 |||D|||22 Ψ2
+ log p

)
.

To ensure that the event supθ∈Θ ‖g(θ;X) − g(θ)‖∞ > ε Λ̃ / (2 C̃) occurs
with low probability, choose

ε =
√

6
C̃ max{1, max1≤i≤M |Ni|} |||D|||2 Ψ

√
log max{N, p}

Λ̃
.
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The choice of ε implies that

P

(
sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ >
ε Λ̃

2 C̃

)
≤ 2

max{N, p}2
.

The second term, P(γ > ε Λ̃ / (2 C̃)), can be bounded above as follows. The
choice of ε implies that

ε Λ̃

C̃
=
√

6 max

{
1, max

1≤i≤M
|Ni|

}
|||D|||2 Ψ

√
log max{N, p}.

As a consequence, choosing

γ =
ε Λ̃

2 C̃
=

√
3/2 max

{
1, max

1≤i≤M
|Ni|

}
|||D|||2 Ψ

√
log max{N, p}

≤ δ(ε)

2

ensures that

P

(
γ >

ε Λ̃

2 C̃

)
= 0

and, at the same time, ensures that the random set Θ̃(γ) is non-empty with
at least probability 1− 2 / max{N, p}2.

Upon collecting terms, we obtain

(C.1) P
(
Θ̃(γ) ⊆ B∞(θ?, ε)

)
≥ 1− 2

max{N, p}2
.

Last, but not least, recall that Φ̃ is defined by

Φ̃ :=
Λ̃

C̃ max {1, max1≤i≤M |Ni|} |||D|||2 Ψ
√

log max{N, p}
.

By the choice of ε and the definition of Φ̃, we have ε < 3 / Φ̃. The assumption
Φ̃ → ∞ as N → ∞ implies that there exists a constant N0 ≥ 2 such that
ε < 3 / Φ̃ ∈ (0, ε?) for all N > N0. Thus, for all N > N0, the random set
Θ̃(γ) is non-empty and any element θ̃ of Θ̃(γ) satisfies

‖θ̃ − θ?‖∞ ≤ 3

Φ̃

with at least probability 1− 2 / max{N, p}2.
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Remark. Extensions to dependent random variables with countable and
uncountable sample spaces. Neither Theorem 1 nor Theorem 2 are restricted
to random graphs with dependent edges. Both theorems can be extended to
dependent random variables with countable and uncountable sample spaces:
see the remark in Appendix B.

C.1. Auxiliary results.

Lemma 2. The function E ˜̀(θ; X) is a strictly concave function on the
convex set Θ = Rp. In addition, the data-generating parameter vector θ? ∈
Θ maximizes the expected loglikelihood and pseudo-loglikelihood function:

θ? = arg max
θ∈Θ

E `(θ; X) = arg max
θ∈Θ

E ˜̀(θ; X).

Proof of Lemma 2. Section 2 of the manuscript shows that the family
of densities {fθ, θ ∈ Θ} parameterized by (2.1) and (2.2) is an exponen-
tial family of densities. We take advantage of the properties of exponential
families [8] to prove Lemma 2, and divide the proof into three parts:

I. E ˜̀(θ; X) is a strictly concave function on the convex set Θ.

II. θ? is the unique maximizer of E `(θ; X).

III. θ? is the unique maximizer of E ˜̀(θ; X).

I. E ˜̀(θ; X) is a strictly concave function on the convex set Θ.
Let x be an observation of a random graph X with dependent edges. Then,
by definition,

˜̀(θ; x) =
M∑
i=1

˜̀
i(θ; x),

where ˜̀
i(θ; x) = 〈θ, s(x)〉 − ψi(θ; x−i)

and

ψi(θ; x−i) = log (exp(〈θ, s(x−i, xi = 0)〉) + exp(〈θ, s(x−i, xi = 1)〉)) .

We first show that E ˜̀(θ; X) =
∑M

i=1 E ˜̀i(θ; X) is a concave function on

the convex set Θ by proving that the functions E ˜̀i(θ; X) are concave on Θ.
Observe that the functions E ˜̀i(θ; X) are concave provided the functions˜̀
i(θ; x) are concave for all x ∈ X. To show that the functions ˜̀i(θ; x) are
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concave for all x ∈ X, consider any i ∈ {1, . . . ,M}, any xi ∈ {0, 1}, and
any x−i ∈ {0, 1}M−1. Each ˜̀i(θ; x) consists of two terms. The first term,
〈θ, s(x)〉, is a linear function of θ, so ˜̀i(θ; x) is a concave function of θ
if the second term, ψi(θ; x−i), is a convex function of θ. Consider any
(θ(1),θ(2)) ∈ Θ×Θ and any λ ∈ (0, 1). Then, by Hölder’s inequality,

ψi
(
λ θ(1) + (1− λ) θ(2); x−i

)
≤ λψi

(
θ(1); x−i

)
+ (1− λ)ψi

(
θ(2); x−i

)
.

As a consequence, for any x−i ∈ {0, 1}M−1, ψi(θ; x−i) is a convex function
on Θ. Hence, for all x ∈ X, ˜̀(θ; x) is a concave function on Θ, and so is
E ˜̀(θ; X) as a finite sum of concave functions on Θ.

Second, we prove by contradiction that E ˜̀(θ; X) is a strictly concave
function on Θ, by showing that there exists i? ∈ {1, . . . ,M} such that
E ψi?(θ; X−i?) is strictly convex on Θ, which implies that E ˜̀i?(θ; X) is
strictly concave on Θ. Suppose that there does not exist any i? ∈ {1, . . . ,M}
such that E ψi?(θ; X−i?) is strictly convex on Θ. Then, for all i ∈ {1, . . . ,M},
all x−i ∈ {0, 1}M−1, and all xi ∈ {0, 1}, there exists (θ(1),θ(2)) ∈ Θ ×Θ
such that

exp
(〈
θ(1), s(x−i, xi)

〉)
∝ exp

(〈
θ(2), s(x−i, xi)

〉)
.

In other words, for all x ∈ X,

(C.2) exp
(〈
θ(1), s(x)

〉)
∝ exp

(〈
θ(2), s(x)

〉)
.

The conclusion (C.2) contradicts the assumption that the exponential family
is minimal. Therefore, there exists i? ∈ {1, . . . ,M} such that E ψi?(θ; X−i?)
is strictly convex on Θ, which implies that E ˜̀i?(θ; X) is strictly concave
on Θ, and so is E ˜̀(θ; X) =

∑M
i=1 E ˜̀i(θ; X).

II. θ? is the unique maximizer of E `(θ;X). Maximizing E `(θ;X)
is equivalent to solving

(C.3) ∇θ E `(θ; X) = E s(X)− Eθ s(X) = 0.

The unique solution of (C.3) is θ? ∈ Θ = Rp, because E s(X) ≡ Eθ? s(X).
The fact that the solution is unique follows from the fact the map µ : Θ 7→M
defined by µ(θ) = Eθ s(X) is one-to-one [8, Theorem 3.6, p. 74]. As a result,
θ? ∈ Θ = Rp is the unique maximizer of E `(θ;X).

III. θ? is the unique maximizer of E ˜̀(θ; X). Observe that, for any
x ∈ X, ˜̀(θ;x) is a sum of exponential-family loglikelihood functions, be-
cause the conditional distributions of edge variables Xi given X−i = x−i
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are Bernoulli distributions (i = 1, . . . ,M), and Bernoulli distributions are
exponential-family distributions. As a result, ˜̀(θ;x) is continuously differ-
entiable on Θ for all x ∈ X [8], and so is E ˜̀(θ;X). We have

g(θ) := E ∇θ ˜̀(θ;X) = E
M∑
i=1

(
s(X)− Eθ,X−i

s(X)
)
,

where Eθ,x−i
denotes the conditional expectation, computed with respect

to the conditional distribution of Xi given X−i = x−i. By the law of total
expectation and the fact that E ≡ Eθ? , we have EEθ?,X−i

s(X) = E s(X),
which implies that

(C.4) g(θ?) = E
M∑
i=1

(
s(X)− Eθ?,X−i

s(X)
)

= 0.

Thus, a root of g(θ) exists, and θ? is a root of g(θ). In addition, E ˜̀(θ;X)
is strictly concave on Θ, so θ? is the unique root of g(θ). As a consequence,
the maximizer of E ˜̀(θ;X) as a function of θ ∈ Θ = Rp exists and is unique,
and is given by θ? ∈ Θ = Rp.

Lemma 3. Let g : Θ 7→ R be any continuously differentiable function on the
open and convex set Θ. If g(θ) is strictly concave on Θ, then its gradient
∇θ g(θ) exists, is continuous, and is one-to-one.

Proof of Lemma 3. The existence and continuity of ∇θ g(θ) on Θ
follow from the assumption that g(θ) is continuously differentiable on the
open and convex set Θ. We prove by contradiction that ∇θ g(θ) is one-to-
one on Θ. Suppose that ∇θ g(θ) is not one-to-one on Θ, that is, there exists
(θ1, θ2) ∈ Θ×Θ such that θ1 6= θ2 and ∇θ g(θ) |θ=θ1 = ∇θ g(θ) |θ=θ2 . By
the strict concavity of g(θ) on Θ,

(C.5) 〈∇θ g(θ) |θ=θ1 , θ2 − θ1〉 > g(θ2)− g(θ1)

and

(C.6) 〈∇θ g(θ) |θ=θ2 , θ1 − θ2〉 > g(θ1)− g(θ2).

By multiplying both sides of (C.6) by −1, we obtain

〈∇θ g(θ) |θ=θ2 , θ2 − θ1〉 < g(θ2)− g(θ1).

If ∇θ g(θ) |θ=θ1 = ∇θ g(θ)|θ=θ2 , then

(C.7) 〈∇θ g(θ) |θ=θ1 , θ2 − θ1〉 < g(θ2)− g(θ1).
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The conclusion (C.7) contradicts (C.5), so ∇θ g(θ) is one-to-one on Θ.

Lemma 4. For all t > 0,

P
(

sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ > t

)

≤ 2 exp

(
− 2 t2

max{1, max1≤i≤M |Ni|}2 |||D|||22 Ψ2
+ log p

)
,

where |||D|||2 ≥ 1, p ≥ 1, and Ψ > C0 > 0, provided N is large enough.

Proof of Lemma 4. First, consider any θ ∈ Θ and recall that

g(θ; x) = ∇θ ˜̀(θ; x) =
M∑
i=1

(
s(x)− Eθ,x−i

s(X)
)
,

where Eθ,x−i
denotes the conditional expectation, computed with respect

to the conditional distribution of Xi given X−i = x−i. Consider any i ∈
{1, . . . ,M} and any (x,x′) ∈ X× X such that xj = x′j for all j 6= i. Then,
by the triangle inequality, we obtain, for each k ∈ {1, . . . , p},

|gk(θ; x)− gk(θ; x′)| =

∣∣∣∣∣∣
M∑
j=1

(
Eθ,x−j

sk(X)− Eθ,x′−j
sk(X)

)∣∣∣∣∣∣
≤

M∑
j=1

∣∣∣Eθ,x−j
sk(X)− Eθ,x′−j

sk(X)
∣∣∣

≤ max

{
1, max

1≤i≤M
|Ni|

}
Ξi,k.

The last inequality follows from the fact that, given any i ∈ {1, . . . ,M},
Ni ⊆ {1, . . . ,M} \ {i} is defined as the smallest subset of indices such that

Xi ⊥⊥ X \ (Xi, XNi) |XNi ,

which implies that a change of a single edge variable can affect the con-
ditional distributions of at most max1≤i≤M |Ni| other edge variables. As a
result,

sup
(x,x′)∈X×X:xj=x′j for all j 6=i

|gk(θ;x)− gk(θ;x′)| ≤ max

{
1, max

1≤i≤M
|Ni|

}
Ξi,k.
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By applying Theorem 1 of Chazottes et al. [14] to each coordinate
gk(θ; X)− gk(θ) of g(θ; X)− g(θ) (k = 1, . . . , p), we have, for all t > 0,

P (|gk(θ; X)− gk(θ)| > t)

≤ 2 exp

(
− 2 t2

max{1, max1≤i≤M |Ni|}2 |||D|||22 Ψ2

)
,

provided |||D|||2 > 0 and Ψ > 0. A union bound shows that

P (‖g(θ; X)− g(θ)‖∞ > t)

≤ 2 exp

(
− 2 t2

max{1, max1≤i≤M |Ni|}2 |||D|||22 Ψ2
+ log p

)
and

P
(

sup
θ∈Θ

‖g(θ; X)− g(θ)‖∞ > t

)
≤ 2 exp

(
− 2 t2

max{1, max1≤i≤M |Ni|}2 |||D|||22 Ψ2
+ log p

)
.

APPENDIX D: PROOFS OF COROLLARIES 1–4

We prove Corollaries 1–3 stated in Section 3.4 of the manuscript and
Corollary 4 stated in Appendix A, using the auxiliary results proved in
Appendices D.1 and D.2. To prove them, it is convenient to return to the
notation used in Section 2 of the manuscript, denoting edge variables by
Xi,j ({i, j} ⊂ N).

Proof of Corollaries 1–4. To prove Corollaries 1–4, we bound

Φ̃ :=
Λ̃

C̃ max {1, max1≤i<j≤N |Ni,j |} |||D|||2 Ψ
√

log max{N, p}
.

Throughout, we assume that ε? is a constant, independent of N and p, and
satisfies ε? ∈ (0, ‖θ?‖∞], while θ? ∈ Θ = Rp satisfies

‖θ?‖∞ ≤


L+ (1− ϑ) logN

8
under Model 1

L+ (1− ϑ) logN

16 (3 +D)
under Models 2–4,
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where D := max1≤i<j≤N |Ni,j | ≥ 1. To prepare the ground for the proofs of
Corollaries 1–4, we first bound Ψ.

Bounding Ψ. Recall the definition of Ψ: For each a ∈ {1, . . . , p} and each
pair of nodes {i, j} ⊂ N,

Ξa,{i,j} = sup
(x,x′)∈X×X: xk,l=x′k,l for all {k,l}6={i,j}

|sa(x)− sa(x′)|

and
Ψ = max

1≤a≤p
‖Ξa‖2.

We show that Ψ ≤
√
N under Model 1 and Ψ ≤ ‖sN+1‖Lip

√
N under Models

2–4 and bound ‖sN+1‖Lip, where ‖sN+1‖Lip is the Lipschitz coefficient of
sN+1(X) with respect to the Hamming metric on X× X:

• Models 1–4 have sufficient statistics s1(X), . . . , sN (X), the degrees of
nodes 1, . . . , N , respectively. Since the degrees of nodes are sums of
N − 1 edge variables Xi,j ∈ {0, 1}, we have ‖Ξa‖2 =

√
N − 1 ≤

√
N

(a = 1, . . . , N).

• Models 2–4 include the additional sufficient statistic for brokerage
sN+1(x) =

∑N
i<j Xi,j Ii,j(X), where

Ii,j(x) = 1

 ∑
h∈Ni ∩Nj

xi,h xj,h > 0

 , {i, j} ⊂ N.

By the definition of sN+1(x), we have ΞN+1,{i,j} = 0 for all pairs of
nodes {i, j} ⊂ N satisfying Ni ∩ Nj = ∅. The number of pairs of nodes
{i, j} ⊂ N satisfying Ni ∩ Nj 6= ∅ is bounded above by ND: For each
of the N nodes i ∈ N, there are at most D distinct nodes j ∈ Ni such
that Ni ∩ Nj 6= ∅, because Proposition 2 reveals

|Ni ∪Nj | ≤ 2 |Ni ∪Nj | ≤ max
{i,j}⊂N

|Ni,j | = D.

In addition, Lemma 13 shows that Ξa,{i,j} ≤ 1 +D. Taken together,

‖ΞN+1‖2 ≤
√
ND(1 +D)2 ≤

√
4ND3 ≤ 3D2

√
N.

As a result, Models 1–4 have

Ψ = max
1≤a≤p

‖Ξa‖2 ≤ max{1, 3D2}
√
N.
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Convergence rates. By collecting terms, we obtain the following con-
vergence rates; note that the constants may be recycled from line to line and
may vary from model to model. All results hold for large enough N .

• Corollary 1: We have α = 0, p = N , and Ψ =
√
N . The inde-

pendence of edges under the β-model implies that Λ = Λ̃, C = C̃,
max1≤i<j≤N |Ni,j | = 0, and |||D|||2 = 1, which in turn implies that

Φ = Φ̃. As a result, γ reduces to

γ =
√

3/2 max

{
1, max

1≤i<j≤N
|Ni,j |

}
|||D|||2 Ψ

√
log max{N, p}

=
√

3/2
√
N logN.

By Lemma 5 with α = 0, there exist constants A > 0 and B ≥ 1,
independent of N and p, such that Λ = Λ̃ ≥ ANϑ and C = C̃ ≤
BN3(1−ϑ)/2. Thus, there exists a constant C > 0, independent N and
p, such that

Φ = Φ̃ ≥ C Nϑ

N3(1−ϑ)/2
√
N
√

logN
= C

√
N5ϑ−4

logN
, ϑ ∈ (4/5, 1].

• Corollary 2: We have α = 0, p = N + 1, and

1 ≤ max

{
1, max

1≤i<j≤N
|Ni,j |

}
≤ D.

Therefore, using the above, we have shown that Ψ satisfies

√
N ≤ Ψ ≤ max{1, 3D2}

√
N ≤ 3 D2

√
N.

To bound γ, recall that γ is given by

γ =
√

3/2 max

{
1, max

1≤i<j≤N
|Ni,j |

}
|||D|||2 Ψ

√
log max{N, p}.

Using Ψ ≥
√
N along with p = N +1 ≥ N , we obtain the lower bound

γ ≥
√

3/2 |||D|||2
√
N logN

and, using Ψ ≤ 3 D2
√
N along with

log max{N, p} = log(N + 1) ≤ 2 logN,
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we obtain the upper bound

γ ≤ 6 D3 |||D|||2
√
N logN.

Thus, γ satisfies√
3/2 |||D|||2

√
N log N ≤ γ ≤ 6 D2 |||D|||2

√
N logN.

By Lemma 6 with α = 0 and ϑ ∈ (4/5, 1], there exists a constant
C1 > 0, independent of N and p, such that Λ̃ ≥ C1N

ϑ, provided
min1≤k≤K |Ak| ≥ 3. As a consequence, there exists a constant C2 > 0,
independent of N and p, such that

Φ̃ ≥ C1N
ϑ

C̃ D |||D|||2 (3 D2
√
N)
√

2 logN

≥ C2

C̃ D3 |||D|||2

√
N2ϑ−1

logN
,

where edges are dependent provided θN+1 6= 0 andD = max1≤i<j≤N |Ni,j | ≥
1 provided θN+1 6= 0.

• Corollary 3: By Lemma 6 with α ∈ (0, 1/2), there exists a constant
C1 > 0, independent of N and p, such that Λ̃ ≥ C1 N

ϑ−α, provided
min1≤k≤K |Ak| ≥ 3. As a result, there exists a constant C2 > 0, inde-
pendent of N and p, such that

Φ̃ ≥ C1 N
ϑ−α

C̃ D |||D|||2 (3 D2
√
N)
√

2 logN

≥ C2

C̃ D3 |||D|||2

√
N2 (ϑ−α)−1

logN
,

where edges are dependent provided θN+1 6= 0 and
D = max1≤i<j≤N |Ni,j | ≥ 1 provided θN+1 6= 0. Observe that ϑ must
satisfy ϑ ∈ (4/5, 1] and 2 (ϑ − α) − 1 > 0 with α ∈ (0, 1/2), which
implies that ϑ must satisfy

ϑ ∈ (max{4/5, 1/2 + α}, 1] .

We bound |||D|||2 in scenarios 1 and 2:
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1. Assume that the subpopulations do not intersect (ω1 = ω2 = 0)
and that θ? ∈ RN+1 satisfies (3.7) with ϑ ∈ (max{4/5, 1/2 + α}, 1].
Then Lemma 11 implies that

|||D|||2 ≤ 1 +D2.

Thus, there exists a constant C3 > 0, independent of N and p,
such that

Φ̃ ≥ C3

C̃ D5

√
N2 (ϑ−α)−1

logN
.

2. The subpopulations intersect and θ? ∈ RN+1 satisfies (3.7) with
ϑ = 1. Then, by Lemma 11, there exist constants C4 > 0 and
C5 > 0, independent of N and p, such that

|||D|||2 ≤ C4 D
2 exp(C5 D

2).

Thus, there exists a constant C6 > 0, independent of N and p,
such that

Φ̃ ≥ C6

C̃ D5 exp(C5D
2)

√
N1−2α

logN
.

• Corollary 4: The proof of Corollary 4 resembles the proof of Corollary
3 with α = 0.

D.1. Bounding Λ̃. To bound Λ̃, we prove Lemmas 5–10. To do so, we
first introduce the sparse β-model with independent edges, with probability
mass function

(D.1) fθ(x) =

N∏
i<j

exp((θi + θj)xi,j)N
−αxi,j

1 + exp(θi + θj)N−α
,

where α ∈ [0, 1/2) is a known constant, which may be interpreted as the
level of sparsity of the random graph.

Lemma 5 bounds the smallest eigenvalue of the expected Hessian
−E∇2

θ
˜̀(θ;X) under the sparse β-model; note that Model 1 is the special

case of the sparse β-model with α = 0. Under Models 2 and 3, the expected
Hessian −E∇2

θ
˜̀(θ;X) is of the form

(D.2) −E∇2
θ
˜̀(θ; X) =

(
A(θ) c(θ)

c(θ)> v(θ)

)
,

where
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• the entries Ai,j(θ) of the matrix A(θ) ∈ RN×N are given by

Ai,j(θ) =
N∑
a<b

E Cθ,X−{a,b}(si(X), sj(X)), i, j = 1, . . . , N ;

• the entries ci(θ) of the vector c(θ) ∈ RN are given by

ci(θ) =
N∑
a<b

E Cθ,X−{a,b}(si(X), sN+1(X)), i = 1, . . . , N ;

• v(θ) ∈ R+ is given by

v(θ) =
N∑
a<b

EVθ,X−{a,b} sN+1(X).

Under Model 4, the expected Hessian −E∇2
θ
˜̀(θ; X) involves derivatives of

the size-dependent parameters ηi,j(θN+1), defined by

ηi,j(θN+1) = θN+1 log

(
1 +

log |Ni ∩ Nj |
|Ni ∩ Nj |

)
, θN+1 ∈ R.

That said, the canonical form of exponential families is not unique, so the
terms log(1 + log |Ni ∩ Nj | / |Ni ∩ Nj |) can be absorbed into the sufficient
statistic sN+1(X). The advantage of doing so is that the expected expected
Hessian −E∇2

θ
˜̀(θ; X) then has the same form under Models 2, 3, and 4.

We therefore absorb the terms log(1+log |Ni ∩Nj | / |Ni ∩Nj |) into sN+1(X)
to streamline the proofs of Lemmas 5–10. As a consequence, we can ignore
the terms log(1 + log |Ni ∩ Nj | / |Ni ∩ Nj |), because the terms are bounded

above and do not affect the rate of growth of Λ̃.

Lemma 5. Consider Models 1–4 with a known level of sparsity α ∈ [0, 1/2).
Assume that the data-generating parameter vector θ? ∈ Rp satisfies

‖θ?‖∞ ≤ L+ (1− ϑ) logN

4 (3 +D)
,

where L ≥ 0 and ϑ ∈ (4/5, 1] are finite constants, independent of N and
p, and D := max1≤i<j≤N |Ni,j | ≥ 0. Then, under Models 1–4, there exists a
finite constant C := exp(−L) / 3 ∈ (0, 1/3], independent of N and p, such
that, for all ε? ∈ (0, ‖θ?‖∞] and all N ≥ 3,

inf
θ∈B∞(θ?, ε?)

N
√
|det(A(θ))| ≥ C Nϑ−α.



18 JONATHAN R. STEWART AND MICHAEL SCHWEINBERGER

In addition, under Model 1, there exist finite constants C := exp(−L) / 12 ∈
(0, 1/12] and U := 40 exp(3L/ 2) ∈ [40, ∞), independent of N and p, such
that, for all ε? ∈ (0, ‖θ?‖∞] and all N ≥ 3,

Λ̃ ≥ C Nϑ−α

C̃ ≤ U N3(1−ϑ)/2.

Proof of Lemma 5. By definition,

˜̀(θ; x) =
N∑
i<j

log Pθ(Xi,j = xi,j |X−{i,j} = x−{i,j}), x ∈ X.

It is straightforward to calculate, for each pair of nodes {i, j} ⊂ N and each
pair of coordinates (t, l) ∈ {1, . . . , N} × {1, . . . , N} of −∇2

θ
˜̀(θ;x),

−
N∑
i<j

∂

∂θt ∂θl
logPθ(Xi,j = xi,j |X−{i,j} = x−{i,j})

=
N∑
i<j

Cθ,x−{i,j}(st(X), sl(X)),

where Cθ,x−{i,j}(st(X), sl(X)) denotes the conditional covariance of st(X)
and sl(X), computed with respect to the conditional distribution of Xi,j

given X−{i,j} = x−{i,j}. We have, for all pairs of nodes {i, j} ⊂ N and all

x−{i,j} ∈ {0, 1}(
N
2 )−1,

Cθ,x−{i,j}(st(X), sl(X)) =
∑

h1 ∈N \ {t}

∑
h2 ∈N \ {l}

Cθ,x−{i,j}(Xt,h1 , Xl,h2).

For each pair of nodes {i, j} ⊂ N, we distinguish two cases:

1. If t 6∈ {i, j} or l 6∈ {i, j}, then st(X) and sl(X) cannot be both a
function of Xi,j . It then follows that, conditional on X−{i,j} = x−{i,j},

Cθ,x−{i,j}(st(X), sl(X)) = 0.

2. If {t, l} ⊆ {i, j}, then either {t, l} = {i, j} or t = l ∈ {i, j}. In
both cases, st(X) and sl(X) are functions of Xi,j . Conditional on
X−{i,j} = x−{i,j}, edge variables Xa,b corresponding to pairs of nodes
{a, b} 6= {i, j} are almost surely constant, implying

Cθ,x−{i,j}(Xt,h1 , Xl,h2) = 0,
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for all {t, h1} 6= {i, j} and all {l, h2} 6= {i, j}. We then have

Cθ,x−{i,j}(st(X), sl(X)) = Vθ,x−{i,j} Xi,j .

In the special case when t = l,

Cθ,x−{i,j}(st(X), sl(X)) = Vθ,x−{i,j} st(X) = Vθ,x−{i,j} Xi,j .

As a result, for all t 6= l,

(D.3)

N∑
i<j

ECθ,X−{i,j}(st(X), sl(X)) = EVθ,X−{t,l} Xt,l

and

(D.4)

N∑
i<j

EVθ,X−{i,j} st(X) =
∑

l∈N \ {t}

EVθ,X−{t,l} Xt,l.

An important consequence of (D.3) and (D.4) is that the matrix−E∇2
θ

˜̀(θ;X)
is diagonally balanced, in the sense of Hillar and Wibisono [25]. Observe that

Vθ,x−{i,j} Xi,j = Pθ(Xi,j = 1 |X−{i,j} = x−{i,j})

× (1− Pθ(Xi,j = 1 |X−{i,j} = x−{i,j})).

Applying Lemma 12 and sinceN−α ≤ 1 (N ≥ 1), for all x−{i,j} ∈ {0, 1}(
N
1 )−1,

Pθ(Xi,j = 1 |X−{i,j} = x−{i,j}) ≥
N−α

1 + exp((3 +D)‖θ‖∞)
,

Pθ(Xi,j = 1 |X−{i,j} = x−{i,j}) ≤ exp((3 +D)‖θ‖∞)N−α,

and

1− Pθ(Xi,j = 1 |X−{i,j} = x−{i,j}) ≥
1

1 + exp((3 +D) ‖θ‖∞)
,

where D ≥ 0. We thus obtain, for all pairs of nodes {i, j} ⊂ N and all

x−{i,j} ∈ {0, 1}(
N
2 )−1,

exp((3 +D) ‖θ‖∞)N−α ≥ Vθ,x−{i,j} Xi,j ≥
N−α

(1 + exp((3 +D) ‖θ‖∞))2
,
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which implies

exp((3 +D) ‖θ‖∞)N−α ≥ EVθ,X−{i,j}Xi,j ≥
N−α

(1 + exp((3 +D) ‖θ‖∞))2
.

By invoking Lemma 2.1 of Hillar and Wibisono [25] and the above bounds,
the smallest eigenvalue λmin(θ) of the matrixA(θ) ∈ RN×N at θ ∈ B∞(θ?, ε?)
satisfies

λmin(θ) ≥ N−α (N − 2)

(1 + exp((3 +D) ‖θ‖∞))2
.

Using the inequality N − 2 ≥ N / 3 (N ≥ 3), we obtain

λmin(θ) ≥ N−α (N − 2)

(1 + exp((3 +D) ‖θ‖∞))2
≥ N1−α

3 (1 + exp((3 +D) ‖θ‖∞))2
.

By invoking Corollary 2.1 of Hillar et al. [24]1 and using the inequality
(3N − 4) / (N − 2) ≤ 5 (N ≥ 3),

κ∞(θ) := |||A(θ)|||∞ ||| (A(θ))−1|||∞

≤ (1 + exp((3 +D) ‖θ‖∞))3 (3N − 4)

N − 2

≤ 5 (1 + exp((3 +D) ‖θ‖∞))3.

By the reverse triangle inequality and the assumption that ε? ∈ (0, ‖θ?‖∞],
we have ‖θ‖∞ ≤ ‖θ?‖∞ + ε? ≤ 2 ‖θ?‖∞, which implies that

inf
θ∈B∞(θ?, ε?)

λmin(θ) ≥ N1−α

3 (1 + exp(2 (3 +D) ‖θ?‖∞))2

and
sup

θ∈B∞(θ?, ε?)
κ∞(θ) ≤ 5 (1 + exp(2 (3 +D) ‖θ?‖∞))3.

We want to show that there exists a finite constant C > 0, independent of
N and p, such that

inf
θ∈B∞(θ?, ε?)

λmin(θ) ≥ N1−α

3 (1 + exp(2 (3 +D) ‖θ?‖∞))2
≥ C Nϑ−α.

1The proof of Corollary 2.1 of Hillar et al. [24] follows from Theorem 1.2 of Hillar and
Wibisono [25] (Theorem 1.1 in Hillar et al. [24]), as noted by Hillar et al. [24].
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Upon rearranging terms, we obtain(
N1−ϑ

3C

)1/2

≥ 1 + exp(2 (3 +D) ‖θ?‖∞))

≥ exp(2 (3 +D) ‖θ?‖∞)).

Upon taking the natural logarithm on both sides, we obtain

(1− ϑ) logN − log 3C

4 (3 +D)
≥ ‖θ?‖∞.

Let C := exp(−L) / 3 ∈ (0, 1/3] and note that C is independent of N and
p, because L ≥ 0 is independent of N and p. Then, for all ε? ∈ (0, ‖θ?‖∞]
and all θ ∈ B∞(θ?, ε?),

inf
θ∈B∞(θ?, ε?)

λmin(θ) ≥ C Nϑ−α,

provided that

(D.5) ‖θ?‖∞ ≤ L+ (1− ϑ) logN

4 (3 +D)
.

Using the properties of determinants and the above bound on λmin(θ),

|det(−E∇2
θ

˜̀(θ;X))| = |det(A(θ))| ≥ |λmin(θ)|N ≥ (C Nϑ−α)N

implying
inf

θ∈B∞(θ?, ε?)

N
√
|det(A(θ))| ≥ C Nϑ−α,

provided that (D.5) is satisfied and N ≥ 3.
Last, but not least, we consider Model 1. Under Model 1 with D = 0,

Λ̃ = inf
θ∈B∞(θ?, ε?)

N
√
|det(A(θ))| ≥ C Nϑ−α

and

C̃ := sup
θ∈B∞(θ?, ε?)

κ∞(θ) ≤ 5 (1 + exp(2 (2 + 3D) ‖θ?‖∞)))3

≤ 40 exp(2 (3 +D) ‖θ?‖∞)))3 ≤ 40 exp

(
L+ (1− ϑ) logN)

2

)3

= 40 exp

(
3L+ 3 (1− ϑ) logN)

2

)
= U N3 (1−ϑ)/2,
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provided that (D.5) is satisfied, where U := 40 exp(3L/ 2) ∈ [40, ∞) is
independent of N and p, because L ≥ 0 is independent of N and p.

Lemma 6. Consider Models 2–4 with a known level of sparsity α ∈ [0, 1/2).
Assume that the data-generating parameter vector θ? ∈ Rp satisfies

(D.6) ‖θ?‖∞ ≤ L+ (1− ϑ) logN

16 (3 +D)
,

where L ≥ 0 and ϑ ∈ (4/5, 1] are finite constants, independent of N and p,
and D := max1≤i<j≤N |Ni,j | ≥ 1. Then there exists a finite constant C > 0,
independent of N and p, such that, for all ε? ∈ (0, ‖θ?‖∞],

Λ̃ := inf
θ∈B∞(θ?, ε?)

p

√
det(−E∇2

θ
˜̀(θ;X)) ≥ C Nϑ−α,

provided min1≤k≤K |Ak| ≥ 3 and N is large enough.

Proof of Lemma 6. Using (D.2), the determinant of the expected Hes-
sian −E∇2

θ
˜̀(θ;X) can be written as

det(−E∇2
θ
˜̀(θ;X)) = det(A(θ)) (v(θ)− c(θ)>A(θ)−1 c(θ)).

Observe that the assumptions of Lemma 5 are satisfied, so we may con-
clude that there exists, for all ε? ∈ (0, ‖θ?‖∞], a finite constant C1 > 0,
independent of N and p, such that

det(A(θ)) ≥ λmin(θ)N ≥ (C1 N
ϑ−α)N ,

provided (D.6) is satisfied. Thus,

det(−E∇2
θ
˜̀(θ;X)) = det(A(θ)) (v(θ)− c(θ)>A(θ)−1 c(θ))

≥ (C1N
ϑ−α)N (v(θ)− c(θ)>A(θ)−1 c(θ))

= (C1N
ϑ−α)N (c(θ)> c(θ))

(
v(θ)

c(θ)> c(θ)
−R(A(θ)−1, c(θ))

)
,

where

R(A(θ)−1, c(θ)) =
c(θ)>A(θ)−1 c(θ)

c(θ)> c(θ)
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is the Rayleigh quotient of A(θ)−1 ∈ RN×N , assuming c(θ) ∈ RN \ 0.
Here, 0 ∈ RN denotes the N -dimensional zero vector. We bound the terms
c(θ)> c(θ), v(θ) / (c(θ)> c(θ)), and R(A(θ)−1, c(θ)) one by one, assuming

‖θ?‖∞ ≤ L+ (1− ϑ) logN

16 (3 +D)
,

so that the conditions of all lemmas are satisfied.
First, by Lemma 7, there exists a constant C2 > 0 such that

c(θ)> c(θ) ≥ C2 N
ϑ > 0 for all θ ∈ B∞(θ?, ε?).

Second, by Lemma 9, there exists a constant C3 > 0 such that

v(θ)

c(θ)> c(θ)
≥ C3

D8N1−ϑ > 0 for all θ ∈ B∞(θ?, ε?).

Last, but not least, to bound the Rayleigh quotient R(A(θ)−1, c(θ)),
note that if λ1(θ), . . . , λN (θ) are the eigenvalues of A(θ), then 1/λ1(θ),
. . ., 1/λN (θ) are the eigenvalues of A(θ)−1. Let λmin(θ) be the smallest
eigenvalue of A(θ), so 1/λmin(θ) is the largest eigenvalue of A(θ)−1. Since
the Rayleigh quotient is bounded above by the largest eigenvalue of A(θ)−1,
we obtain, using Lemma 5,

R(A(θ)−1, c(θ)) ≤ 1

λmin(θ)
≤ 1

C1 Nϑ−α .

As a result,

(C1 N
ϑ−α)N (c(θ)> c(θ))

(
v(θ)

c(θ)> c(θ)
−R(A(θ)−1, c(θ))

)

≥ (C1 N
ϑ−α)N C2 N

ϑ

(
C3

D8N1−ϑ −
1

C1Nϑ−α

)

= CN1 C2 N
(ϑ−α)N Nϑ

N1−ϑ

(
C3

D8
− 1

C1 N2ϑ−α−1

)

= CN1 C2 N
(ϑ−α) (N+1) Nα

N1−ϑ

(
C3

D8
− 1

C1 N2ϑ−α−1

)
.

By assumption, 2ϑ − α − 1 > 0, because α = 0 and ϑ ∈ (4/5, 1] under
Models 2 and 4, whereas α ∈ (0, 1/2) and ϑ ∈ (4/5, 1] under Model 3.
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Thus, N2ϑ−α−1 → ∞ as N → ∞ and there exist finite constants C4 > 0
and C5 > 0, independent of N and p, such that

Λ̃ := inf
θ∈B∞(θ?, ε?)

N+1

√
det(−E∇2

θ
˜̀(θ;X)) ≥ C4 N

ϑ−α
(

Nα

D8N1−ϑ

) 1
N+1

≥ C5 N
ϑ−α,

provided N is large enough.

Lemma 7. Consider Models 2–4. Assume that the data-generating parame-
ter vector θ? ∈ RN+1 satisfies

‖θ?‖∞ ≤ L+ (1− ϑ) logN

16 (3 +D)
,

where L ≥ 0 and ϑ ∈ (4/5, 1] are finite constants, independent of N and
p, and D := max1≤i<j≤N |Ni,j | ≥ 1. Then, for all ε? ∈ (0, ‖θ?‖∞] and all
θ ∈ B∞(θ?, ε?),

c(θ)> c(θ) ≥ C Nϑ,

where C := exp(−L) / 256 ∈ (0, 1/256] is a finite constant, independent of
N and p.

Proof of Lemma 7. By Lemma 8, for all θ ∈ B∞(θ?, ε?),

c(θ)> c(θ) ≥ N

(1 + exp((3 +D) (‖θ?‖∞ + ε?)))8

=
N

256 exp((3 +D) (‖θ?‖∞ + ε?)))8

≥ N

256 exp(2 (3 +D) ‖θ?‖∞)8
,

using ε? ∈ (0, ‖θ?‖∞]. Observe that the lower bound on c(θ)> c(θ) does
not involve α, because the elements of the vector c(θ) ∈ RN correspond to
the covariances of the degrees of nodes and the number of brokered edges of
nodes with intersecting neighborhoods, and brokered edges among nodes in
intersecting neighborhoods are not penalized by α.

We demonstrate that there exists a finite constant C > 0, independent of
N and p, such that

(D.7)
N

256 exp(2 (3 +D) ‖θ?‖∞)8
≥ C Nϑ,
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which in turn implies that c(θ)> c(θ) ≥ C Nϑ. Upon rearranging (D.7), we
obtain (

N1−ϑ

256 C

)1/8

≥ exp(2 (3 +D) ‖θ?‖∞).

Upon taking the natural logarithm on both sides, we obtain

(1− ϑ) logN − log 256C

16 (3 +D)
≥ ‖θ?‖∞.

Let C := exp(−L) / 256 ∈ (0, 1/256] and note that C is independent of N
and p, because L ≥ 0 is independent ofN and p. Then, for all ε? ∈ (0, ‖θ?‖∞]
and all θ ∈ B∞(θ?, ε?),

c(θ)> c(θ) ≥ C Nϑ,

provided that

‖θ?‖∞ ≤ L+ (1− ϑ) logN

16 (3 +D)
.

Lemma 8. Consider Models 2–4. Then, for all ε? ∈ (0, ‖θ?‖∞], all θ ∈
B∞(θ?, ε?), and all N ≥ 3,

c(θ)> c(θ) ≥ N

(1 + exp((3 +D) (‖θ?‖∞ + ε?)))8
,

where D := max1≤i<j≤N |Ni,j | ≥ 1.

Proof of Lemma 8. The coordinates of c(θ) ∈ RN are given by

ct(θ) =
N∑
i<j

ECθ,X−{i,j}(st(X), sN+1(X))

=
N∑
i<j

ECθ,X−{i,j}

 ∑
a∈N \ {t}

Xt,a, sN+1(X)



=
N∑
i<j

∑
a∈N \ {t}

ECθ,X−{i,j}(Xt,a, sN+1(X))

=
∑

a∈N \ {t}

ECθ,X−{t,a}(Xt,a, sN+1(X))

=
∑

a∈N \ {t}: Na ∩Nt 6= ∅

ECθ,X−{t,a}(Xt,a, sN+1(X)),
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noting that edgesXt,a ({t, a} 6= {i, j}) are almost surely constant conditional
on X−{i,j} = x−{i,j} and that sN+1(X) is not a function of edges Xt,a

satisfying Nt ∩ Na = ∅, and would thus is almost surely constant under the
conditional distribution of Xt,a given X−{t,a} = x−{t,a}. We obtain

c(θ)> c(θ) =
N∑
t=1

 ∑
a∈N \ {t}: Na ∩Nt 6= ∅

ECθ,X−{t,a}(Xt,a, sN+1(X))

2

.

It is therefore enough to demonstrate that ∑
a∈N \ {t}: Na ∩Nt 6= ∅

ECθ,X−{t,a}(Xt,a, sN+1(X))

2

≥ 1

(1 + exp((3 +D) (‖θ?‖∞ + ε?)))8
,

where D ≥ 1. Let

It,a(X) = 1

 ∑
h∈Nt ∩Na

Xt,hXa,h > 0

 , {t, a} ⊂ N,

and note that

sN+1(X) =

N∑
i<j

Xi,j Ii,j(X),

where Ii,j(X) = 0 almost surely for all {i, j} ⊂ N satisfying Ni ∩ Nj = ∅.
Using properties of covariances,

ECθ,X−{t,a}(Xt,a, sN+1(X)) =
N∑
i<j

ECθ,X−{t,a}(Xt,a, Xi,j Ii,j(X)).

The FKG inequality implies that

Cθ,x−{t,a}(Xt,a, Ii,j(X)) ≥ 0 for all x−{t,a} ∈ {0, 1}(
N
2 )−1,

because the conditional covariance is computed with respect to the condi-
tional distribution of Xt,a and both Xt,a and Ii,j(X) are monotone non-
decreasing functions of Xt,a. Hence

ECθ,X−{t,a}(Xt,a, sN+1(X)) ≥ ECθ,X−{t,a}(Xt,a, Xt,a It,a(X)).



PSEUDO-LIKELIHOOD-BASED M -ESTIMATION 27

Each node t ∈ N belongs to one or more subpopulations Ak for some
k ∈ {1, . . . ,K}. Since |Al| ≥ 3 for all l ∈ {1, . . . ,K}, there exists a node
b ∈ Ni ∩ Nj such that

Pθ(Xt,a It,a(X) = 1 |X−{t,a} = x−{t,a})

≥ Pθ(Xt,a Xt,b Xa,b = 1 |X−{t,a} = x−{t,a}),

because the event Xt,a Xt,b Xa,b = 1 implies the event Xt,a It,a(X) = 1. By
Lemma 12,

Pθ(Xi,j = 1 |X−{i,j} = x−{i,j}) ≥
1

1 + exp((3 +D) ‖θ‖∞)

and

Pθ(Xi,j = 0 |X−{i,j} = x−{i,j}) ≥
1

1 + exp((3 +D) ‖θ‖∞)

for all pairs of nodes {i, j} ⊂ N satisfying Ni ∩ Nj 6= ∅. We can partition
the sample space of X−{t,a} based on whether It,a(X) = 0 or It,a(X) = 1.
When It,a(X) = 0,

Cθ,X−{t,a}(Xt,a, Xt,a It,a(X)) = Cθ,X−{t,a}(Xt,a, 0) = 0

and when It,a(X) = 1,

Cθ,X−{t,a}(Xt,a, Xt,a It,a(X)) = Vθ,X−{t,a} Xt,a.

Using the above bounds, we obtain

Vθ,X−{t,a} Xt,a ≥
(

1

1 + exp((3 +D) ‖θ‖∞)

)2

.

Thus, using the law of total expectation,

E Cθ,X−{t,a}(Xt,a, Xt,a It,a(X))

= P(It,a(X) = 1)Vθ,X−{t,a} Xt,a

≥ P(Xt,b Xa,b = 1)

(
1

1 + exp((3 +D) ‖θ‖∞)

)2

≥
(

1

1 + exp((3 +D) ‖θ?‖∞)

)2 ( 1

1 + exp((3 +D) ‖θ‖∞)

)2

≥ 1

(1 + exp((3 +D) max{‖θ?‖∞, ‖θ‖∞}))4
.
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Thus, we have shown that, for all t ∈ {1, . . . , N},

ct(θ)2 ≥ 1

(1 + exp((3 +D) max{‖θ?‖∞, ‖θ‖∞}))8
,

which in turn implies that

c(θ)> c(θ) ≥ N

(1 + exp((3 +D) max{‖θ?‖∞, ‖θ‖∞}))8
.

Since θ ∈ B∞(θ?, ε?), we know that ‖θ‖∞ ≤ ‖θ?‖∞ + ε? by the reverse
triangle inequality, which implies that, for all θ ∈ B∞(θ?, ε?),

c(θ)> c(θ) ≥ N

(1 + exp((3 +D) (‖θ?‖∞ + ε?)))8
.

Lemma 9. Consider Models 2–4. Assume that the data-generating parame-
ter vector θ? ∈ RN+1 satisfies

‖θ?‖∞ ≤ L+ (1− ϑ) logN

16 (3 +D)
,

where L ≥ 0 and ϑ ∈ (4/5, 1] are finite constants, independent of N and
p, and D := max1≤i<j≤N |Ni,j | ≥ 1. Then, for all ε? ∈ (0, ‖θ?‖∞] and all
θ ∈ B∞(θ?, ε?),

v(θ)

c(θ)> c(θ)
≥ C

D8N1−ϑ ,

where C := exp(−L) / 16 ∈ (0, 1/16] is a finite constant, independent of N
and p.

Proof of Lemma 9. By Lemma 10, for all θ ∈ B∞(θ?, ε?),

(D.8)

v(θ)

c(θ)> c(θ)
≥ 1

D8 (1 + exp((3 +D) (‖θ?‖∞ + ε?)))4

≥ 1

D8 (2 exp(2 (3 +D) ‖θ?‖∞))4
,

using ε? ∈ (0, ‖θ?‖∞]. We show that there exists a finite constant C > 0,
independent of N and p, such that

1

D8 (2 exp(2 (3 +D) ‖θ?‖∞))4
≥ C

D8N1−ϑ .
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Upon rearranging terms, we obtain(
N1−ϑ

16 C

)1/4

≥ exp(2 (3 +D) ‖θ?‖∞).

Upon taking the natural logarithm on both sides, we obtain

(1− ϑ) log N − log 16 C

8 (3 +D)
≥ ‖θ?‖∞.

Let C := exp(−L) / 16 ∈ (0, 1/16] and note that C is independent of N and
p, because L ≥ 0 is independent of N and p. Then, for all ε? ∈ (0, ‖θ?‖∞]
and all θ ∈ B∞(θ?, ε?),

v(θ)

c(θ)> c(θ)
≥ C

D8N1−ϑ ,

provided that

‖θ?‖∞ ≤ L+ (1− ϑ) logN

16 (3 +D)
≤ L+ (1− ϑ) logN

8 (3 +D)
.

Lemma 10. Consider Models 2–4. Then, for all ε? ∈ (0, ‖θ?‖∞] and all
θ ∈ B∞(θ?, ε?),

v(θ)

c(θ)> c(θ)
≥ 1

D8 (1 + exp((3 +D) (‖θ?‖∞ + ε?)))4
,

where D := max1≤i<j≤N |Ni,j | ≥ 1.

Proof of Lemma 10. We have

v(θ) =
N∑
i<j

EVθ,X−{i,j} sN+1(X)

=

N∑
i<j

EVθ,X−{i,j}

(
N∑
a<b

Xa,b Ia,b(X)

)
,

where

Ia,b(X) = 1

 ∑
h∈Na ∩Nb

Xa,hXb,h > 0

 , {a, b} ⊂ N.
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Given any pair of nodes {i, j} ⊂ N, notice that each random variable
Xa,b Ia,b(X) is a monotone non-decreasing function of Xi,j and, conditional
onX−{i,j} = x−{i,j}, all other edge variables are constant. As a consequence,
the FKG inequality implies that

Cθ,x−{i,j}(Xa,b Ia,b(X), Xr,t Ir,t(X)) ≥ 0

for all pairs of nodes {a, b} ⊂ N and {r, t} ⊂ N. Thus,

v(θ) =
N∑
i<j

EVθ,X−{i,j}

(
N∑
a<b

Xa,b Ia,b(X)

)

≥
N∑
i<j

N∑
a<b

EVθ,X−{i,j} (Xa,b Ia,b(X)) .

Using the law of total expectation,

EVθ,X−{i,j} (Xi,j Ia,b(X))

= E (Vθ,X−{i,j} Xa,b Ia,b(X) | Ia,b(X) = 1) P(Ia,b(X) = 1)

+ E (Vθ,X−{i,j} Xa,b Ia,b(X) | Ia,b(X) = 0) P(Ia,b(X) = 0),

which shows

EVθ,X−{i,j} (Xi,j Ia,b(X)) = E (Vθ,X−{i,j} Xa,b | Ia,b(X) = 1) P(Ia,b(X) = 1),

owing to the fact that Xa,b Ia,b(X) = 0 almost surely conditional on the
event Ia,b(X) = 0. Hence

v(θ) ≥
N∑
i<j

N∑
a<b

E (Vθ,X−{i,j} Xa,b | Ia,b(X) = 1) P(Ia,b(X) = 1)

=

N∑
i<j

E (Vθ,X−{i,j} Xi,j | Ii,j(X) = 1) P(Ii,j(X) = 1)

=

N∑
i<j :Ni ∩Nj 6=∅

E (Vθ,X−{i,j} Xi,j | Ii,j(X) = 1) P(Ii,j(X) = 1),

noting that Vθ,X−{i,j} Xa,b = 0 for all {a, b} 6= {i, j} and P(Ii,j(X) = 1) = 0
for all {i, j} ⊂ N satisfying Ni ∩Nj = ∅. We bound

E (Vθ,X−{i,j} Xi,j | Ii,j(X) = 1)
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from below by noting that, for any x ∈ {0, 1}(
N
2 ) with Ii,j(x) = 1,

(D.9) Vθ,x−{i,j} Xi,j ≥
1

(1 + exp((3 + 2D) ‖θ‖∞))2
.

The lower bound in (D.9) follows from Lemma 12, which shows that, for all

x−{i,j} ∈ {0, 1}(
N
2 )−1,

Pθ(Xi,j = 1 |X−{i,j} = x−{i,j}) ≥
1

1 + exp((3 +D) ‖θ‖∞)

and

Pθ(Xi,j = 0 |X−{i,j} = x−{i,j}) ≥
1

1 + exp((3 +D) ‖θ‖∞)
,

where D ≥ 1. Hence

v(θ) ≥
N∑

i<j: Ni ∩Nj 6= ∅

1

(1 + exp((3 +D) ‖θ‖∞))2
P(Ii,j(X) = 1)

≥
N∑

i<j: Ni ∩Nj 6= ∅

1

(1 + exp((3 +D) max{‖θ‖∞, ‖θ?‖∞}))4
.

The lower bound on the probability of event Ii,j(X) = 1 follows from the
observation that, for any given node h ∈ Ni ∩Nj 6= ∅, the event Xi,hXj,h = 1
implies the event Ii,j(X) = 1, so

P(Ii,j(X) = 1) ≥ P(Xi,hXj,h = 1) = P(Xi,h = 1 | Xj,h = 1) P(Xj,h = 1).

By using the law of total probability along with the observation that, for all

x−{i,j} ∈ {0, 1}(
N
2 )−1,

P(Xi,j = 1 |X−{i,j} = x−{i,j}) ≥
1

1 + exp((3 +D) ‖θ?‖∞)
,

one can show that both the conditional and unconditional probabilities
are bounded below by 1 / (1 + exp((3 + D) ‖θ?‖∞)). Last, but not least,
we consider the number of pairs of nodes {i, j} ⊂ {1, . . . , N} for which
Ni ∩ Nj 6= ∅. There exists, for each node i ∈ N, a node h ∈ N \ {i} such
that Ni ∩ Nh 6= ∅, so

N∑
i<j: Ni ∩Nj 6= ∅

1

(1 + exp((3 +D) max{‖θ‖∞, ‖θ?‖∞}))2

≥ N

(1 + exp((3 +D) max{‖θ‖∞, ‖θ?‖∞}))4
,
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which implies that

v(θ) ≥ N

(1 + exp((3 +D) max{‖θ‖∞, ‖θ?‖∞}))4
.

Next, we proceed to demonstrate that there exists a finite constant C1 > 0
such that

c(θ)> c(θ) ≤ C1N.

The coordinates of the vector c(θ) ∈ RN are given by

ct(θ) =
N∑
i<j

ECθ,X−{i,j}(st(X), sN+1(X)), t = 1, . . . , N,

which may be written as

N∑
i<j

ECθ,X−{i,j}(st(X), sN+1(X))

=
∑

a∈N \ {t}

ECθ,X−{t,a}(Xt,a, sN+1(X))

=
∑

a∈N \ {t}: Na ∩Nt 6= ∅

ECθ,X−{t,a}(Xt,a, sN+1(X)),

noting sN+1(X) is not a function of edge variables Xt,a when Nt ∩ Na = ∅,
and is hence almost surely constant under the conditional distribution of
Xt,a given X−{t,a} = x−{t,a}. Hence, we have∑

a∈N \ {t}: Na ∩Nt 6= ∅

ECθ,X−{t,a}(Xt,a, sN+1(X))

≤ D2 max
a∈N \ {t}: Na ∩Nt 6= ∅

ECθ,X−{t,a}(Xt,a, sN+1(X)),

because Na ∩ Nt 6= ∅ if one of the two following conditions is satisfied:

• a ∈ Nt, the number of which is bounded above by D;

• a 6∈ Nt, but there exists h ∈ Nt such that h ∈ Na; the number of such
a for each h ∈ Nt is bounded above by D. Noting that |Nt| ≤ D, the
total number of such a ∈ N \ {t} satisfying Na ∩ Nt 6= ∅ is bounded
above by D2.



PSEUDO-LIKELIHOOD-BASED M -ESTIMATION 33

To bound maxa∈N \ {t}: Na ∩Nt 6= ∅ ECθ,X−{t,a}(Xt,a, sN+1(X)), recall that

sN+1(X) =
∑N

i<j Xi,j Ii,j(X). The number of indicator functions Ii,j(X)
that are functions of Xt,a and are not constant conditional on X−{t,a} is
bounded above by D2, applying the same argument as above. Hence,

ECθ,X−{t,a}(Xt,a, sN+1(X)) ≤ D2,

because
Cθ,X−{t,a}(Xt,a, Xi,j Ii,j(X)) ≤ 1

for all {i, j} ⊂ {1, . . . , N}, implying

Cθ,X−{t,a}(Xt,a, sN+1(X)) ≤ D4.

Thus, ct(θ) ≤ D4, so c(θ)> c(θ) ≤ D8N .
Collecting terms shows that

v(θ)

c(θ)> c(θ)
≥ N

(1 + exp((3 +D) max{‖θ‖∞, ‖θ?‖∞}))4

(
1

D8N

)

=
1

D8 (1 + exp((3 +D) max{‖θ‖∞, ‖θ?‖∞}))4
.

Since θ ∈ B∞(θ?, ε?) ⊂ RN+1, the reverse implies that ‖θ‖∞ ≤ ‖θ?‖∞ + ε,
which in turn implies that, for all θ ∈ B∞(θ?, ε?),

v(θ)

c(θ)>c(θ)
≥ 1

D8 (1 + exp((3 +D) (‖θ?‖∞ + ε?)))4
.

D.2. Bounding |||D|||2. To bound the spectral norm |||D|||2 of the
coupling matrix D, we first review undirected graphical models encoding the
conditional independence structure of generalized β-models with dependent
edges in Appendices D.2.1 and D.2.2, and then bound |||D|||2 by using the
conditional independence properties in Appendix D.2.3. Auxiliary results
can be found in Appendix D.2.4.

D.2.1. Undirected graphical models of random graphs. Let G(V,E) be an
undirected graph with a set of vertices V and a set of edges E ⊂ V× V. An
undirected graphical model of a random graph [32] is a family of probability
measures {Pθ, θ ∈ Θ} dominated by a σ-finite measure ν, with densities of
the form

(D.10) fθ (x) ∝
∏
C∈C

gC(xC; θ), x ∈ X,
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where C is the set of all maximal complete subsets of the conditional inde-
pendence graph G(V,E) with set of vertices V = {X1, . . . , XM} and set of
edges E ⊂ V × V. The functions gC : X ×Θ 7→ R+ ∪ {0} are non-negative
functions defined on the maximal complete subsets C ∈ C of the conditional
independence graph G. Here, as elsewhere [e.g., 32], a complete subset of
the conditional independence graph G is a subset of vertices such that each
pair of vertices is connected by an edge, and a complete subset is maxi-
mal complete if no vertices can be added without losing the property of
completeness. It is well-known that the factorization property of probability
density function (D.10) implies conditional independence properties, that is,
Markov properties.

The probability density functions introduced in Section 2 are of the form

(D.11) fθ (x) ∝
N∏
i< j

ϕi,j(xSi,j ; θ), x ∈ X,

where Si,j ⊂ N \ {i, j} (i < j = 1, . . . , N). Probability density functions of
the form (D.11) can be represented as probability density functions of the
form (D.10) by grouping the functions ϕi,j in accordance with the maximal
complete subsets of conditional independence graph G. The conditional inde-
pendence graph G depends on the model: e.g., the conditional independence
graph of Model 1 has no edges, because all edge variables are independent.
By contrast, the conditional independence graphs of Models 2–4 have edges,
representing conditional dependencies induced by brokerage in networks. A
graphical representation of the conditional independence graphs of Models
2–4 is shown in Figure 2—note that all three models have the same condi-
tional independence graph.

To distinguish the random graph of interest (representing data struc-
ture) from the graph G (representing conditional independence structure,
i.e., model structure), we call G(V,E) the conditional independence graph,
elements of V vertices rather than nodes, and elements of E edges rather
than edge variables.

D.2.2. Conditional independence properties. We prove selected condi-
tional independence properties that help establish consistency results and
convergence rates for generalized β-models with dependent edges.

Generalized β-models with dependent edges constrain the dependence
among edges to the intersections Ni ∩ Nj of neighborhoods Ni and Nj of
nodes i ∈ N and j ∈ N, and hence possess the following property:
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X1,2

X1,3

X2,3

X3,4

X1,4

X2,4

X4,5

X3,5

X5,6

X4,6

X4,7 X5,7

X6,7

X2,5 X2,6X1,7X1,6X1,5 X2,7 X3,6 X3,7

Fig 2. The conditional independence graph of Models 2–4 with population of nodes N =
{1, . . . , 7} consisting of overlapping subpopulations A1 = {1, 2, 3}, A2 = {3, 4}, A3 =
{4, 5}, and A4 = {5, 6, 7}. If nodes i and j belong to the same subpopulation, edge variable
Xi,j is colored red. If nodes i and j do not belong to the same subpopulation, edge variable
Xi,j is colored orange if the subpopulations of i and j overlap and is colored gray otherwise.

Definition 1. Neighborhood intersection property. Consider a ran-
dom graph model with a probability density function parameterized by (2.1)
and (2.2). If Si,j = {i, j}×{Ni ∩ Nj} for all pairs of nodes {i, j} ⊂ N, then
the random graph is said to satisfy the neighborhood intersection property.

The neighborhood intersection property implies conditional independence
properties, including—but not limited to—the following.

Proposition 2. A random graph with overlapping subpopulations Ak of
sizes |Ak| ≥ 3 (k = 1, . . . ,K) satisfying the neighborhood intersection prop-
erty possesses the following conditional independence properties:

1. For all pairs of nodes {i, j} ⊂ N such that Ni ∩ Nj = ∅:

Xi,j ⊥⊥X \Xi,j .

2. For all pairs of nodes {i, j} ⊂ N such that Ni ∩ Nj 6= ∅ and there
exists k ∈ {1, . . . ,K} such that {i, j} ⊂ Ak:

Xi,j ⊥⊥ X \ (Xi,j ,X{i,j},Ni∪Nj
) |X{i,j},Ni∪Nj

\Xi,j

3. For all pairs of nodes {i, j} ⊂ N such that Ni ∩ Nj 6= ∅ and there
exists no k ∈ {1, . . . ,K} such that {i, j} ⊂ Ak:

Xi,j ⊥⊥ X \ (Xi,j ,X{i,j},Ni∩Nj
) |X{i,j},Ni∩Nj
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Proof of Proposition 2. In the following, we use the characteriza-
tions of conditional independence due to Dawid [18], which relate factoriza-
tion properties of probability density functions to conditional independence
properties. Using these characterizations of conditional independence, we
establish the conditional independence properties stated in Proposition 2 by
showing that, for each pair of nodes {i, j} ⊂ N, there exists a subset of edge
indices S ⊂ {{i, j} : i ∈ N, j ∈ N} \ {i, j} and non-negative functions g and
h such that the probability density function can be written as

fθ(x) ∝ g(xi,j , xS) h(x \ (xi,j , xS), xS),

implying that
Xi,j ⊥⊥ X \ (Xi,j , XS) |XS,

understanding x \ (xi,j , xS) to be all edge variables in x except those edge
variables contained in (xi,j , xS). Proposition 2 assumes that the neighbor-
hood intersection property is satisfied, allowing us to write

fθ(x) ∝
N∏
a< b

ϕa,b(xa,b, x{a,b},Na∩Nb
).

Condition 1: Consider any pair of nodes {i, j} ⊂ N with Ni ∩ Nj = ∅,
that is, nodes i and j neither belong to a common subpopulations nor belong
to distinct subpopulations that overlap. Since {i, j} × {Ni ∩Nj} = ∅,

ϕi,j(xi,j , x{i,j},Ni∩Nj
) = ϕi,j(xi,j).

It remains to check whether any ϕa,b ({a, b} 6= {i, j}) can be a function of
xi,j , which would require that

(i, j) ∈ {a, b} × {Na ∩ Nb} or (j, i) ∈ {a, b} × {Na ∩ Nb}.

We prove by contradiction that ϕa,b ({a, b} 6= {i, j}) cannot be a function of
xi,j . Consider any a ∈ N \ {i, j}. For ϕa,i to be a function of xi,j , it must be
that (i, j) ∈ {a, i}×{Na ∩ Ni}, as (j, i) ∈ {a, i}×{Na ∩ Ni} is not possible
because {a, b} 6= {i, j} so that a 6= j, which would require that j ∈ Na ∩ Ni,
implying j ∈ Ni. Recall the definition of Ni:

Ni = {h ∈ N \ {i} : exists k ∈ {1, . . . ,K} such that {i, h} ⊂ Ak} .

Hence, j ∈ Ni is possible if and only if there exists k ∈ {1, . . . ,K} such that
{i, j} ⊂ Ak. As it is assumed that |Ak| ≥ 3 for all k ∈ {1, . . . ,K}, there
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would exist h ∈ Ak \ {i, j} such that h ∈ Ni ∩Nj , violating the assumption
that Ni ∩Nj = ∅. Therefore, there cannot exist a pair of nodes {a, b} 6= {i, j}
such that ϕa,b is a function of xi,j . As a consequence, taking

g(xi,j) = ϕi,j(xi,j)

and

h(x \ xi,j) =

N∏
a<b: {a,b} 6= {i,j}

ϕa,b(xa,b, x{a,b},Na∩Nb
)

shows that fθ(x) can be written as

fθ(x) ∝ g(xi,j) h(x \ xi,j),

which implies
Xi,j ⊥⊥X \Xi,j .

Condition 2: Consider any pair of nodes {i, j} ⊂ N with Ni ∩Nj 6= ∅ and
such that there exists k ∈ {1, . . . ,K} such that {i, j} ⊂ Ak. By definition,
ϕi,j is a function of xi,j . For any ϕa,b ({a, b} 6= {i, j}) to be a function of
xi,j , we must have either

(i, j) ∈ {a, b} × {Na ∩ Nb} or (j, i) ∈ {a, b} × {Na ∩ Nb},

which requires that two conditions hold:

1. {a, b} ∩ {i, j} 6= ∅;

2. Either i ∈ Na ∩ Nb or j ∈ Na ∩ Nb.

From the first condition, either {a, b} = {i, b} or {a, b} = {a, j}. Without
loss, we take a = i so that we take {a, b} = {i, b}. From the second condition,
this implies j ∈ Ni ∩ Nb. By assumption, there exists k ∈ {1, . . . ,K} such
that {i, j} ⊂ Ak, implying j ∈ Ni. For j ∈ Nb we would have b ∈ Nj . Let
c = {a, b}\{i, j} and d = {a, b}∩{i, j} and assume, without loss, that c < d.
Then the subset of pairs of nodes {c, d} such that ϕc,d is a function of xi,j is
the subset of all nodes c such that either c ∈ Ni or c ∈ Nj or both, so c must
satisfy c ∈ Ni ∪ Nj \ {i, j}. Therefore, there exist non-negative functions g
and h such that the probability density function can be written as follows:

fθ(x) ∝ g(x{i,j},Ni∪Nj
) h(x \ x{i,j},Ni∪Nj

),

which implies

Xi,j ⊥⊥ X \ (Xi,j ,X{i,j},Ni∪Nj
) |X{i,j},Ni∪Nj

\Xi,j
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Condition 3: Consider any pair of nodes {i, j} ⊂ N with Ni ∩ Nj 6= ∅
and such that there exists no k ∈ {1, . . . ,K} such that {i, j} ⊂ Ak. Since i
and j do not share any subpopulation, ϕa,b can be a function of xi,j if and
only if {a, b} ∩ {i, j} 6= ∅ and c = {a, b} \ {i, j} is contained in Ni ∩Nj . This
can be seen from the proof of Condition 2, as i 6∈ Nj and j 6∈ Ni, because
by assumption, {i, j} 6⊂ Ak for all k ∈ {1, . . . ,K}. As a result, there exists
no {a, b} 6= {i, j} such that

(i, j) ∈ {a, b} × {Na ∩ Nb} or (j, i) ∈ {a, b} × {Na ∩ Nb}.

As a result, there exist non-negative functions g and h such that the prob-
ability density function can be written as follows:

fθ(x) ∝ g(xi,j , x{i,j},Ni∩Nj
) h(x \ (xi,j , x{i,j},Ni∩Nj

)),

which implies

Xi,j ⊥⊥ X \ (Xi,j , X{i,j},Ni∩Nj
) |X{i,j},Ni∩Nj

.

D.2.3. Bounding the spectral norm of the coupling matrix. We bound the
spectral norm |||D|||2 of the coupling matrix D. Throughout, we adopt the
notation used in Section 3 of the manuscript for indexing edge variables in
X, that is, we denote the number of edge variables by M =

(
N
2

)
and edge

variables by X1, . . . , XM , where N is the number of nodes. The edge vari-
ables X1, . . . , XM form the vertices of the conditional independence graph.
Recall that the edge variables X1, . . . , Xm form the vertex set of the con-
ditional independence graph G for X. We proceed to bound |||D|||2 under
Models 2–4, using Assumption A from Section 3.4.

Lemma 11. Consider Models 2–4. Assume that Assumption A is satisfied.

1. If the subpopulations do not intersect (ω1 = ω2 = 0) and condition
(3.7) is satisfied with ϑ ∈ (4/5, 1], then

|||D|||2 ≤ 1 +D.

2. If the subpopulations do intersect and condition (3.7) is satisfied with
ϑ = 1, then there exist finite constants C1 > 0 and C2 > 0, independent
of N and p, such that

|||D|||2 ≤ C1 D
2 exp(C2D

2).
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Proof of Lemma 11. We adapt the coupling approach of van den Berg
and Maes [48] from the literature on Gibbs measures and Markov random
fields to coupling conditional distributions of subgraphs of random graphs.
Let i ∈ V be any vertex of the conditional independence graph G and consider
any x1:i−1 ∈ {0, 1}i−1. Define

Px1:i−1,0(Xi+1:M = a) := P(Xi+1:M = a |X1:i−1 = x1:i−1, Xi = 0)

and

Px1:i−1,1(Xi+1:M = a) := P(Xi+1:M = a |X1:i−1 = x1:i−1, Xi = 1),

whereX1:i−1 = (X1, . . . , Xi−1),Xi+1:M = (Xi+1, . . . , XM ), and a ∈ {0, 1}M−i.

We divide the proof into three parts:

I. Coupling conditional distributions of subgraphs.

II. Bounding the elements of the coupling matrix D.

III. Bounding the spectral norm |||D|||2 of the coupling matrix D.

I. Coupling conditional distributions of subgraphs. Given any vertex
i ∈ V of the conditional independence graph G and any x1:i−1 ∈ {0, 1}i−1, we
construct a coupling (X?,X??) ∈ {0, 1}M−i × {0, 1}M−i of the conditional
distributions Pi,x1:i−1,0 and Pi,x1:i−1,1. Some background on coupling can be
found in Lindvall [35].

To simplify the notation, we assume that the couple (X?,X??) takes
on values in {0, 1}M × {0, 1}M rather than {0, 1}M−i × {0, 1}M−i and set
(X?

1:i−1, X
?
i ) = (x1:i−1, 0) and (X??

1:i−1, X
??
i ) = (x1:i−1, 1), with probability

one. As a consequence, the random vectorsX? ∈ {0, 1}M andX?? ∈ {0, 1}M
have the same dimension as random vector X ∈ {0, 1}M . We then construct
a coupling of the conditional distributions Pi,x1:i−1,0 and Pi,x1:i−1,1 as follows:

1. Initialize V = {1, . . . , i}.

2. Check whether there exists a vertex j ∈ V \V that is connected to a
vertex v ∈ V in G and satisfies X?

v 6= X??
v :

(a) If such a vertex j exists, pick the smallest such vertex, and let
(X?

j , X
??
j ) be distributed according to an optimal coupling of

P(Xj = · |XV = x?V) and P(Xj = · |XV = x??V ).

(b) If no such vertex j exists, select the smallest j ∈ V \ V and let
(X?

j , X
??
j ) be distributed according to an optimal coupling of the
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distributions P(Xj = · | XV = x?V) and P(Xj = · | XV = x??V ).
The optimal coupling ensures that X?

j = X??
j with probability 1,

so the total variation distance is 0.

In both steps, an optimal coupling exists [35, Theorem 5.2, p. 19], but
may not be unique. However, any optimal coupling will do.

3. Replace V by V ∪ {j} and repeat Step 2 until V \V = ∅.

Denote the resulting coupling distribution by Qi,x1:i−1
. Lemma 14 verifies

that the algorithm above constructs a valid coupling of the conditional distri-
butions Pi,x1:i−1,0 and Pi,x1:i−1,1, in the sense that the marginal distributions
of X? and X?? are Pi,x1:i−1,1 and Pi,x1:i−1,0, respectively.

By construction, the coupling has useful properties. For any two distinct
vertices i ∈ V and j ∈ {i+ 1, . . . ,M} of the conditional independence graph
G, define the event i 6←→ j to be the event that there exists a path from i
to j in G such that X?

v 6= X??
v for all vertices v along the path. Such paths

are known as paths of disagreement in the probability literature on Gibbs
measures and Markov random fields. Theorem 1 of van den Berg and Maes
[48, p. 753] shows that

(D.12) Qi,x1:i−1
(X?

j 6= X??
j ) = Qi,x1:i−1

(i 6←→ j) ≤ Bπ(i 6←→ j),

where Bπ is a Bernoulli product measure on {0, 1}M with probability vector
π ∈ [0, 1]M . The coordinates πv of π are given by

πv =


0 if v ∈ {1, . . . , i− 1}

1 if v = i

max
(x−v ,x′−v)∈{0,1}M−1×{0,1}M−1

πv,x−v ,x′−v
if v ∈ {i+ 1, . . . ,M},

where

πv,x−v ,x′−v
= ‖P( · |X−v = x−v)− P( · |X ′−v = x′−v)‖TV.

The Bernoulli product measure Bπ assumes that independent Bernoulli ex-
periments are carried out at vertices v ∈ {1, . . . ,M}. The Bernoulli experi-
ment at vertex v ∈ {i+ 1, . . . ,M} has two possible outcomes: Either vertex
v is open, corresponding to the event that X?

v 6= X??
v and hence vertex v

allows a path of disagreement from i to j to pass through, or vertex v is
closed. A vertex v is open with probability πv, and closed with probability
1−πv. By construction, vertices v ∈ {1, . . . , i−1} are closed with probability
one, and vertex i is open with probability one.
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The coupling argument of van den Berg and Maes [48] is useful, in that
it translates the hard problem of bounding probabilities of events involving
dependent random variables into the more convenient problem of bounding
probabilities of events involving independent random variables. Indeed, we
can bound the above-diagonal elements Di,j of the coupling matrix D by

(D.13) Di,j = sup
x1:i−1∈{0,1}i−1

Qi,x1:i−1
(X?

j 6= X??
j ) ≤ Bπ(i 6←→ j).

By construction of D, the below-diagonal and diagonal elements of D are
known to be 0 and 1, respectively. We define π? ∈ (0, 1) by

π? = max
1≤v≤M

max
x−v∈{0,1}M−1

P(Xv = 1 |X−v = x−v),

and note that Lemma 15, together with the assumption that θ? ∈ ΘN = Rp
satisfies (3.7) with ϑ = 1, implies that

π? ≤ 1

1 + exp(−L/ 16)
< 1,

where L > 0 is the same constant as in (3.7), independent of N and p. In the
following, we assume that ϑ = 1. We consider the case when ϑ < 1, relevant
to the first result stated in Lemma 11, at the end of the proof. Define

ξ :=
1

1 + exp(−L/ 16)
,

noting that pp is independent of N and p, because L > 0 is independent of
N and p, and define the vector ξ ∈ [0, 1]M by

(ξ)i :=


0 if v ∈ {1, . . . , i− 1}

1 if v = i

ξ if v ∈ {i+ 1, . . . ,M}

.

Observe that the probability Bπ(i 6←→ j) is non-decreasing in the compo-
nents of π. Hence,

Bπ(i 6←→ j) ≤ Bξ(i 6←→ j).

We bound the elements of D by bounding the probability Bξ(i 6←→ j).
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II. Bounding the elements of the coupling matrix D. To bound the
elements Di,j of the coupling matrix D, we bound terms Bξ(i 6←→ j) on the
right-hand side of (D.13) using Assumption A. To do so, define

Si,k = {v ∈ V \ {i} : dG(i, v) = k} , k = 1, . . . ,M − 1,

where dG(i, v) is the graph distance (i.e., the length of the shortest path)
between vertices i ∈ V and v ∈ V in the conditional independence graph
G. Thus, the set Si,k ⊆ V is the subset of vertices in the conditional in-
dependence graph G at graph distance k from i in G. We bound probabil-
ities Bξ(i 6←→ j) by placing restrictions on the subpopulation structure,
which determines which edges are present in G, influencing probabilities
Bξ(i 6←→ j). To do so, we define the subpopulation graph GA to be a graph
with set of vertices {A1, . . . ,AK} and edges between vertices Ar and Al

if Ar ∩ Al 6= ∅. To measure distances between subpopulations, we define
dGA

: {A1, . . . ,AK}2 7→ {0, 1, 2, . . .} ∪ {∞} to be the length of the shortest
path between two vertices Ar and Al in GA, adopting that usual convention
that dGA

(Ar,Al) = ∞ if there exists no path connecting Ar to Al in GA.
Define

VAr,k = {Al ∈ {A1, . . . ,AK} : dGA
(Ar,Al) = k} ,

for all Ar ∈ {A1, . . . ,AK} and k ≥ 1. Let g : {1, 2, . . .} 7→ R+ be such that

|VAr,k| ≤ g(k), k ∈ {1, 2, . . . }.

In words, g(k) bounds the number of subpopulations at graph distance k
from any given subpopulation in GA. It is straightforward to verify that Mod-
els 2–4 satisfy Definition 1 and thus posses the neighborhood intersection
property, satisfying the assumptions of Proposition 2. By Proposition 2, the
Markov blanket of any edge Xi between nodes {a, b} ⊂ N is not larger than
the subset of edges contained in the subgraph X{a,b},Na∪Nb

, which contains
edges between nodes in the set {a, b} and nodes in the set Na ∪ Nb. We
construct a graph covering G? of the conditional independence graph G as
follows:

1. Initialize G? with the same set of vertices as G and the same set of
edges.

2. For each vertex Xi in G corresponding to an edge between a pair of
nodes {a, b} ⊂ N with degree greater than 0 in G, add edges between
Xi and any other edge Xj contained in the subgraph X{a,b},Na∪Nb

which are not already in G.
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a

b
v

h

h

v

b

a

Fig 3. Demonstrating how vertices Xi and Xj of the cover G? of conditional independence
graph G can have graph distance dG?(i, j) = 2 in G?. Suppose that the indicator Xj of an
edge between nodes v and h depends on the indicator Xi of an edge between nodes a and
b through the indicator Xl of an edge between nodes a and h. By construction, v either
belongs to a subpopulation that intersects with one of the subpopulations of b, or a act as
a broker for v and b.

The construction of G? ensures that the neighborhood of any given vertex Xi

in G? corresponding to the edge between pair of nodes {a, b} ⊂ N is either
empty or is equal to the set of vertices corresponding to edges contained in
the subgraph X{a,b},Na∪Nb

. Moreover, the fact that G ⊆ G? implies

Bξ(i 6←→ j in G) ≤ Bξ(i 6←→ j in G?).

In words, the probability of the existence of a path of disagreement between
any two vertices in a graph does not decrease through the addition of edges in
the graph. Henceforth, the event i 6←→ j represents a path of disagreement
in the graph covering G? of G.

We bound each |Si,k| (k ≥ 1) for arbitrary i ∈ V in turn:

• Consider any j ∈ Si,1. The neighborhood of edge Xi between nodes
{a, b} ⊂ N in G? is equal to the set of edges contained in the subgraph
X{a,b},Na∪Nb

, which contains edges between nodes in the set {a, b} and
nodes in the set Na ∪ Nb, the number of which is bounded above by
D = 2 max{v,w}⊂N |Nv ∪Nw|. Hence, |Si,1| ≤ D.

• Consider any j ∈ Si,2. Then, the shortest path between edge Xi and
Xj in G? is of length 2, implying the following facts:

(F.1) Xj is not in the neighborhood of Xi in G?.
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(F.2) In G?, there is at least one edge Xl in the neighborhood of
Xi such that Xj is in the neighborhood of Xl.

Let Xi be the edge between pair of nodes {a, b} ⊂ N and consider
the graph G?. Then, (F.2) implies there exists h ∈ (Na ∪ Nb) \ {a, b}
such that Xl is an edge between either pair of nodes {a, h} or {b, h},
which without loss, we take to be {a, h}. Next, (F.2) states Xj lies in
the neighborhood of Xl, implying there exists v ∈ Na ∪ Nh \ {a, b, h}
such that Xj is an edge between pair of nodes {v, h} or {v, a}. It must
be {v, h}, because (F.1) implies that v 6∈ Na ∪ Nb, implying v 6∈ Na,
because if v ∈ Na ∪ Nb, either Xj would be in the neighborhood of
Xi, by the construction of G?, implying dG?(i, j) = 1, or Xj would
be independent of all other edges and thus would have infinite graph
distance to all other vertices in G and thus G?, in which case j 6∈ Si,2.
Using these facts, we bound the number of such v ∈ Nh \ (Na ∪ Nb):

– The total number of subpopulations Ar to which a and b can
belong is bounded above by 2 (g(1) + 1) ≤ 4 g(1), as g(1) bounds
the number of subpopulations to which any subpopulation can
overlap.

– As v ∈ Nh \ (Na ∪Nb), there exists Ar ∈ {A1, . . . ,AK} such that
{v, h} ⊂ Ar, and a 6∈ Ar and b 6∈ Ar, because v 6∈ Na ∪Nb. More-
over, there exists a subpopulation Al ∈ {A1, . . . ,AK} such that
{h, a} ⊂ Al and/or {h, b} ⊂ Al, implying that v lies in a subpop-
ulation Ar such that either dGA

(Ar,Al) = 1 or dGA
(Ar,Al) = 2.

An illustration of this is shown in Figure 3. Thus, the number of
such subpopulations Ar is not greater than 4 g(1) (g(1) + g(2)).

– Lastly, each of the no more than g(1) + g(2) subpopulations con-
tain no more than D = max{v,w}⊂N |Nv ∪Nw| nodes.

Taken together,

|Si,2| ≤ 4Dg(1) (g(1) + g(2))

• Consider any k ≥ 3 and j ∈ Si,k. We can repeat the previous argument
for any k ≥ 3 to show

|Si,k| ≤ 4Dg(1) (g(k − 1) + g(k)),

proving the result by induction.

As g(1) ≤ D, we may take the bound

|Si,k| ≤ 4D2 (g(k − 1) + g(k)), k ≥ 2.
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We proceed with bounding Di,j under Assumption A. Define the function
g : {1, 2, . . .} 7→ R+ by

g(k) = ω1 +
ω2

8D2
log k, k ∈ {1, 2, . . . },

where ω1 ≥ 0 and ω2 ≥ 0, and ω2 ≥ 0 additionally satisfies

ω2 <
1

| log(1− ξ)|
,

as ω2 ∈ [0, | log(1 − ξ)|−1) is independent of N and p, by Assumption A.
Hence,

Bξ(v is open in G?) ≤ ξ < 1, v ∈ {i+ 1, . . . ,M}.

Assumption A assumes that, for all subpopulations Ar,

|VAr,k| ≤ g(k), k ∈ {1, 2, . . . },

implying that, for all i ∈ V and all k ∈ {2, 3, . . . },

|Si,k| ≤ 4D2 (g(k − 1) + g(k)) ≤ 8D2 g(k) ≤ 8D2 ω1 + ω2 log k,

using the above definition of g(k) and the bound g(k − 1) + g(k) ≤ 2 g(k),
where the bound follows from the monotonicity of g(k). For there to be a
path of disagreement i 6←→ j in G?, there must be at least one open vertex
in each of the sets Si,1, . . . , Si,k−1 and j must be open; note that i is open
with probability 1. The probability that there exists at least one open vertex
v ∈ Si,k is bounded above by

1− (1− ξ)|Si,k| ≤ 1− (1− ξ)8D2ω1+ω2 log k, k ∈ {1, 2, . . .}.

Since the events that vertices are open are independent under the Bernoulli
product measure Bξ, we obtain

Bξ(i 6←→ j) ≤ ξ
k−1∏
l=1

[
1− (1− ξ)8D2ω1+ω2 log l

]
≤

[
1− (1− ξ)8D2ω1+ω2 log k

]k
,
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using the inequality log l ≤ log k provided l ≤ k, along with the fact that
ξ ≤ 1− (1− ξ)8D2ω1+ω2 log k. We then write

1− (1− ξ)8D2ω1+ω2 log k ≤ exp(−(1− ξ)8D2ω1+ω2 log k)

= exp(− exp((8D2ω1 + ω2 log(k)) log(1− ξ)))

= exp(− exp(−(8D2ω1 + ω2 log(k)) | log(1− ξ)|))

= exp(− exp(−8D2ω1 | log(1− ξ)|) k−ω2 | log(1−ξ)|),

using the inequality 1− z ≤ exp(−z) (z ∈ (0, 1)). Let

A = exp(−8D2 ω1 | log(1− ξ)|) ∈ (0, 1).

Then [
1− (1− ξ)8D2ω1+ω2 log k

]k
≤

[
exp(−Ak−ω2 | log(1−ξ)|)

]k
= exp(−Ak1−ω2 | log(1−ξ)|).

The probability of the event that vertex j is open is bounded above by
ξ ∈ (0, 1), so

Bπ(i 6←→ j) ≤ Bξ(i 6←→ j) ≤ ξ exp(−Ak1−ω2 | log(1−ξ)|).

We hence obtain

(D.14) Di,j ≤ exp(−A k1−ω2 | log(1−ξ)|).

III. Bounding the spectral norm |||D|||2 of the coupling matrix D.
To bound the spectral norm |||D|||2 of the coupling matrix D, we first use
Hölder’s inequality to obtain

|||D|||2 ≤
√
|||D|||1 |||D|||∞,

and then bound the elements Di,j of D. To facilitate bounds on |||D|||2, we
form a symmetric M ×M matrix T by defining

T = D + D> − diag(D),



PSEUDO-LIKELIHOOD-BASED M -ESTIMATION 47

where D> is the M ×M transpose of D and diag(D) is the M ×M diagonal
matrix with elements D1,1, . . . ,DM,M on the main diagonal. By construction
of T, the elements Ti,j of T are given by

Ti,j =


Di,j if i < j

Di,i if i = j

Dj,i if j < i

,

where Di,i = 1 by definition of Di,i (i = 1, . . . ,M). Using the fact that
Ti,j = max(Di,j , Dj,i) (i, j = 1, . . . ,M), we obtain

|||D|||1 = max
1≤j≤M

M∑
i=1

|Di,j | ≤ max
1≤j≤M

M∑
i=1

|Ti,j | = |||T|||1

and

|||D|||∞ = max
1≤i≤M

M∑
j=1

|Di,j | ≤ max
1≤i≤M

M∑
j=1

|Ti,j | = |||T|||∞.

In addition, we know that Ti,j = Tj,i (i, j = 1, . . . ,M), which implies that

|||T|||1 = |||T>|||∞ = |||T|||∞.

As a consequence, we obtain

|||D|||2 ≤
√
|||D|||1 |||D|||∞ ≤

√
|||T|||1 |||T|||∞ = |||T|||∞,

where |||T|||∞ can be bounded above by using (D.13):

|||T|||∞ = max
1≤i≤M

M∑
j=1

|Ti,j | ≤ 1 + max
1≤i≤M

M∑
j=1: j 6=i

Bξ(i 6←→ j).

Using (D.14) along with Assumption A,

|||D|||2 ≤ 1 + max
1≤i≤M

M∑
j=1: j 6=i

Bξ(i 6←→ j)

≤ 1 +D +

∞∑
k=2

8D2 g(k) exp(−A k1−ω2 | log(1−ξ)|),
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noting that the number of vertices j ∈ V at distance k in G? to any given
vertex i is bounded above by D when k = 1 and is bounded above by
8D2g(k) = 8D2ω1 + ω2 log k when k ≥ 2, as derived above. We then have
the upper bound

∞∑
k=2

8D2 g(k) exp(−A k1−ω2 | log(1−ξ)|)

≤ 8D2
∞∑
k=2

(ω1 + ω2 log k) exp(−A k1−ω2 | log(1−ξ)|),

and focus on bounding the infinite series

(D.15)

∞∑
k=2

(ω1 + ω2 log(k)) exp(−A k1−ω2 | log(1−ξ)|).

Note that the infinite series is equal to 0 when ω1 = 0 and ω2 = 0, a
fact which we will make use of at the end of the proof. The inequality
exp(z) ≥ zu / u! + 1 > zu / u!, which holds for any z > 0 and any u > 0,
implies the inequality exp(−z) < u! / zu. Hence, for u > 0,

∞∑
k=1

(ω1 + ω2 log(k)) exp
(
−A k1−ω2 | log(1−ξ)|

)

<

∞∑
k=1

(ω1 + ω2 log(k))
u!

Au ku (1−ω2 | log(1−ξ)|)

≤
∞∑
k=1

(ω1 + ω2) k
u!

Au ku (1−ω2 | log(1−ξ)|)
,

where the last inequality follows from the assumption ω1 ≥ 0 and ω2 ≥ 0,
and the fact that log k ≤ k provided k ≥ 1. Recall Assumption A assumes

ω2 <
1

| log(1− ξ)|
.

Since we are free to choose u as long as u > 0, we choose

u =
3

1− ω2 | log(1− ξ)|
,

where u is independent of N and p, because both ξ and ω2 are independent
of N and p. Note ω2 | log(1 − ξ)| < 1, by the choice of ω2, which ensures
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u ≥ 3, because u (1− ω2 | log(1− ξ)|) = 3 and (1− ω2 | log(1− ξ)|) ∈ (0, 1).
Thus,

∞∑
k=1

(ω1 + ω2) k
u!

Au ku (1−ω2 | log(1−ξ)|)
≤

∞∑
k=1

(ω1 + ω2) k
u!

Au k3

=
(ω1 + ω2)u!

Au

∞∑
k=1

1

k2

=
π2 (ω1 + ω2)u!

6 exp(−u 8D2 ω1 | log(1− ξ)|)
,

using the fact that
∑∞

k=1 k
−2 = π2 / 6 (here, π ≤ 3.142 is the mathematical

constant, which should not be confused with the probabilities π? and πv).
Let C1 = u 8ω1 | log(1−ξ)| > 0 be a constant, independent of N and p since
it is defined in terms of constants independent of N and p. We then obtain
the upper bound

π2 (ω1 + ω2)u!

6 exp(−u 8D2 ω1 | log(1− ξ)|)
≤ 3.1422 (ω1 + ω2)u!

6 exp(−C1D2)
≤ C2 exp(−C1D

2),

taking C2 = 3.1422 u! / 6 > 0, also independent of N and p, because u is
independent of N and p. Thus, we have shown there exist constants C1 > 0
and C2 > 0, independent of N and p, such that

∞∑
k=2

g(k) exp(−A k1−ω2 | log(1−π?)|) ≤ (ω1 + ω2)C2 exp(C1D
2)

and
|||D|||2 ≤ 1 +D + 8D2 (ω1 + ω2)C2 exp(C1D

2)

≤ C3 D
2 exp(C1D

2),

taking C3 = 8 (ω1 + ω2) > 0; note that C3 > 0 is independent of N and p
because ω1 and ω2 are independent of N and p.

Last, but not least, in the scenario in which ω1 = ω2 = 0 and condition
(3.7) is satisfied with ϑ ∈ (4/5, 1], the infinite series in (D.15) is equal to 0,
and we obtain the upper bound

|||D|||2 ≤ 1 +D.
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Lemma 12. Consider Models 1–4 with θ ∈ Rp, where

• p = N under Model 1 and p = N + 1 under Models 2–4;

• α = 0 under Models 1, 2, and 4 and α ∈ (0, 1/2) under Model 3.

Then there exist functions Lk : Rp 7→ (0, 1) and Uk : Rp 7→ (0, 1) (k = 0, 1)
such that, for all {i, j} ⊂ N and x−{i,j} ∈ {0, 1}M−1,

0 < Lk(θ) ≤ Pθ(Xi,j = k |X−{i,j} = x−{i,j}) ≤ Uk(θ) < 1.

Under the sparse β-model (which includes Model 1 as a special case with
α = 0) and under Model 3, for all pairs of nodes {i, j} satisfying Ni∩Nj = ∅,

L0(θ) =
1

1 + exp(2 ‖θ‖∞)
and U0(θ) =

1

1 + exp(−2 ‖θ‖∞)N−α

L1(θ) =
N−α

1 + exp(2 ‖θ‖∞)
and U1(θ) =

1

1 + exp(−2 ‖θ‖∞)
.

Under Model 3, for all pairs of nodes {i, j} satisfying Ni∩Nj 6= ∅, and under
Models 2 and 4,

L0(θ) = L1(θ) =
1

1 + exp((3 +D) ‖θ‖∞)

U0(θ) = U1(θ) =
1

1 + exp(−(3 +D) ‖θ‖∞)
,

where D := max{i,j}⊂N |Ni,j |.

Proof of Lemma 12. To prove Lemma 12, we return to the notation used
in Section 2 of the manuscript, denoting edge variables by Xi,j ({i, j} ⊂ N).

Consider any pair of nodes {i, j} ⊂ N and any x−{i,j} ∈ {0, 1}(
N
2 )−1. We

can express the full conditional probabilities

Pθ(Xi,j = xi,j |X−{i,j} = x−{i,j})

as

exp(〈θ, s(x−{i,j}, xi,j)〉)N−αxi,j

exp(〈θ, s(x−{i,j}, xi,j = 0)〉) + exp(〈θ, s(x−{i,j}, xi,j = 1)〉) N−α

=
1

g(0; x−{i,j}, xi,j , θ) Nαxi,j + g(1; x−{i,j}, xi,j , θ) Nα (xi,j−1)
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provided Ni ∩ Nj = ∅, and

exp(〈θ, s(x−{i,j}, xi,j)〉)
exp(〈θ, s(x−{i,j}, xi,j = 0)〉) + exp(〈θ, s(x−{i,j}, xi,j = 1)〉)

=
1

g(0; x−{i,j}, xi,j , θ) + g(1; x−{i,j}, xi,j , θ)

provided Ni ∩Nj 6= ∅. Here, α = 0 under Models 1, 2, and 4 and α ∈ (0, 1/2)
under Model 3, and

g(y; x−{i,j}, xi,j , θ) = exp(〈θ, s(x−{i,j}, y)− s(x−{i,j}, xi,j)〉),

where y ∈ {0, 1}. We have

max
x−{i,j} ∈{0,1}M−1

∣∣sl(x−{i,j}, xi,j = 0)− sl(x−{i,j}, xi,j = 1)
∣∣

=


0 if l 6∈ {1, . . . , N} \ {i, j}

1 if l ∈ {1, j}

1 +D if l = N + 1.

The bound on sN+1 follows from Lemma 13, and the bound on sl(x) (l ∈ N)
follows because sl(x) =

∑
h∈N\{l} xl,h is a function of xi,j if and only if

l ∈ {i, j}. As a result, the triangle inequality and the above bounds reveal∣∣〈θ, s(x−{i,j}, xi,j = 0)
〉
−
〈
θ, s(x−{i,j}, xi,j = 0)

〉∣∣ ≤ (3 +D) ‖θ‖∞.

We thus obtain the bounds stated in Lemma 12.

Lemma 13. Consider Models 2–4 with statistic

sN+1(x) =

N∑
i<j

xi,j Ii,j(x),

where

Ii,j(x) =


0 if Ni ∩Nj = ∅

1

 ∑
h∈Ni∩Nj

xi,h xj,h ≥ 1

 if Ni ∩Nj 6= ∅.
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Then, for all {i, j} ⊂ N,

max
(x,x′)∈X×X: xv,w=x′v,w, {v, w}6={i, j}

|sN+1(x)− sN+1(x
′)| ≤ 1 +D,

where D := max{i,j}⊂N |Ni,j |.

Proof of Lemma 13. Consider any {i, j} ⊂ N. The proof of Proposition
2 shows that the number of summands xa,b Ia,b(x) ({a, b} 6= {i, j}) that are
a function of xi,j is bounded above by 2 |Ni ∪Nj |. In addition, Proposition
2 shows that Ni,j ⊆ {i, j} × (Ni ∪ Nj) for all {i, j} ⊂ N. We therefore
obtain the bound |Ni,j | ≤ 2 |Ni ∪ Nj | ≤ D, where D := max{i,j}⊂N |Ni,j | =
max{i,j}⊂N 2 |Ni ∪Nj |. Thus, the number of summands that are a function
of xi,j is bounded above by 1 +D. Consider any (x, x′) ∈ X× X such that
xv,w = x′v,w for all {v, w} 6= {i, j}. Then, by the triangle inequality,

|sN+1(x)− sN+1(x
′)| ≤

∑
{a,b}⊂N

|xa,b Ia,b(x)− x′a,b Ia,b(x′)| ≤ 1 +D,

using xa,b Ia,b(x) ≤ 1 for all {a, b} ⊂ N and all x ∈ X.

D.2.4. Auxiliary results. We prove Lemmas 14 and 15.

Lemma 14. Choose any i ∈ {1, . . . ,M} and any x1:i−1 ∈ {0, 1}i−1. Then
the coupling of the conditional distributions

P( · |X1:i−1 = x1:i−1, Xi = 0)

and
P( · |X1:i−1 = x1:i−1, Xi = 1)

constructed in Lemma 11 is a valid coupling.

Proof of Lemma 14. Denote the coupling distribution generated by
the algorithm in Lemma 11 by Qx1:i−1

and let v1, . . . , vM−i be the vertices
added to the set V at iteration 1, . . . ,M − i of the algorithm. To reduce the
notational burden, define

q(x?a:b, x
??
a:b | x?c:d, x??c,d)

= Qx1:i−1
(X?

a:b = x?a:b, X
??
a:b = x??a:b |X?

c:d = x?c:d, X
??
c:d = x??c:d),

where a, b, c, d ∈ {1, . . . ,M} are distinct integers and {a, . . . , b}∩ {c, . . . , d} =
∅. By construction,

q(x?i+1:M , x
??
i+1:M ) = q(x?v1 , x

??
v1)

M−i∏
l=2

q(x?vl , x
??
vl
| x?v1,...,vl−1

, x??v1,...,vl−1
).
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Observe that∑
x?vM−i

∈{0,1}

q(x?vM−i
, x??vM−i

| x?v1,...,vM−i−1
, x??v1,...,vM−i−1

)

= P(XvM−i = x??vM−i
|X1:i−1 = x1:i−1, Xi = 1, Xv1,...,vM−i−1 = x??v1,...,vM−i−1

)

and ∑
x??vM−i

∈{0,1}

q(x?vM−i
, x??vM−i

| x?v1,...,vM−i−1
, x??v1,...,vM−i−1

)

= P(XvM−i = x?vM−i
|X1:i−1 = x1:i−1, Xi = 1, Xv1,...,vM−i−1 = x?v1,...,vM−i−1

),

owing to the fact that (X?
vM−i

, X??
vM−i

) is distributed according to the opti-
mal coupling of the conditional distributions

P(XvM−i = · |X1:i−1 = x1:i−1, Xi = 0, Xv1,...,vM−i−1 = x?v1,...,vM−i−1
)

and

P(XvM−i = · |X1:i−1 = x1:i−1, Xi = 1, Xv1,...,vM−i−1 = x??v1,...,vM−i−1
).

By induction, ∑
x?v1∈{0,1}

· · ·
∑

x?vM−i
∈{0,1}

q(x?v1,...,vM−i
, x??i+1:M )

= P(Xi+1:M = x??1+i:M |X1:i−1 = x1:i−1, Xi = 1)

and ∑
x??v1 ∈{0,1}

· · ·
∑

xv??
M−i

∈{0,1}

q(x?i+1:M , x
??
v1,...,vM−i

)

= P(Xi+1:M = x?1+i:M |X1:i−1 = x1:i−1, Xi = 0),

so the coupling is indeed a valid coupling of the conditional distributions

P(Xi+1:M = · |X1:i−1 = x1:i−1, Xi = 0)

and
P(Xi+1:M = · |X1:i−1 = x1:i−1, Xi = 1).
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Lemma 15. Consider Models 1–4, any v ∈ {1, . . . ,M}, and any (x−v, x
′
−v) ∈

{0, 1}M−1 × {0, 1}M−1. Define

πv,x−v ,x′−v
= ‖P( · |X−v = x−v)− P( · |X−v = x′−v)‖TV

and

π? = max
1≤ v≤M

max
(x−v ,x′−v) ∈ {0,1}M−1×{0,1}M−1

πv,x−v ,x′−v
.

Then

π? ≤


0 under Model 1

1

1 + exp(−(2 + 3 max1≤i≤N |Ni|) ‖θ?‖∞)
under Models 2–4.

Proof of Lemma 15. Under Model 1, edge variables Xv are indepen-
dent, which implies that πv,x−v ,x′−v

= 0 for all v ∈ {1, . . . ,M} and all

(x−v, x
′
−v) ∈ {0, 1}M−1 × {0, 1}M−1, which in turn implies that π? = 0. To

bound π? under Models 2–4, we distinguish two cases:

(a) If edge variable Xv corresponds to a pair of nodes with non-intersecting
neighborhoods, then Xv is independent of all other edge variables
by Proposition 2. As a result, πv,x−v ,x′−v

= 0 for all (x−v, x
′
−v) ∈

{0, 1}M−1 × {0, 1}M−1, so π? = 0.

(b) If edge variable Xv corresponds to a pair of nodes with intersecting
neighborhoods, then Xv is not independent of all other edges, implying
πv,x−v ,x′−v

> 0 for some or all (x−v, x
′
−v) ∈ {0, 1}M−1 × {0, 1}M−1.

We focus henceforth on case (b). Consider any v ∈ {1, . . . ,M} such that
πv,x−v ,x′−v

> 0 for some (x−v, x
′
−v) ∈ {0, 1}M−1 × {0, 1}M−1 and define

a0 = P(Xv = 0 |X−v = x−v) and a1 = P(Xv = 1 |X−v = x−v)

b0 = P(Xv = 0 |X−v = x′−v) and b1 = P(Xv = 1 |X−v = x′−v).

Then

πv,x−v ,x′−v
=

1

2
(|(1− a1)− (1− b1)|+ |a1 − b1|) = |a1 − b1| ≤ max{a1, b1}.

By symmetry,
πv,x−v ,x′−v

≤ max{a0, b0},
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which implies that

πv,x−v ,x′−v
≤ min {max{a0, b0}, max{a1, b1}} .

Lemma 12 shows that, under Models 2–4,

P(Xv = 0 |X−v = x−v) ≤
1

1 + exp(−(2 + 3 max1≤i≤N |Ni|) ‖θ?‖∞)

and

P(Xv = 1 |X−v = x−v) ≤
1

1 + exp(−(2 + 3 max1≤i≤N |Ni|) ‖θ?‖∞)
.

We may therefore conclude that, under Models 2–4,

π? ≤ min {max{a0, b0}, max{a1, b1}}

≤ 1

1 + exp(−(2 + 3 max1≤i≤N |Ni|) ‖θ?‖∞)
.

APPENDIX E: PROOF OF PROPOSITION 1

We prove Proposition 1 stated in Section 2.4 of the manuscript.

Proof of Proposition 1. The expected degree of any node i ∈ N under
Model 3 with α ∈ (0, 1] is given by

Eθ

 N∑
j 6=i

Xi,j

 =
∑

j ∈Ai,1

EθXi,j +
∑

j ∈Ai,2

EθXi,j

≤ |Ai,1| max
j ∈Ai,1

EθXi,j + |Ai,2| max
j ∈Ai,2

EθXi,j ,

where

• Ai,1 = {j ∈ N \ {i} : Ni ∩ Nj 6= ∅};

• Ai,2 = {j ∈ N \ {i} : Ni ∩ Nj = ∅}.

We bound the expectations of edges EθXi,j by using the bound

EθXi,j = Pθ(Xi,j = 1)

≤ max
x−{i, j} ∈{0,1}N(N−1)/2−1

Pθ(Xi,j = 1 |X−{i, j} = x−{i, j}).
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For any j ∈ Ai,1, Pθ(Xi,j = 1 |X−{i, j} = x−{i, j}) ≤ 1 ≤ exp(2 ‖θ‖∞) for

all x−{i, j} ∈ {0, 1}N(N−1)/2−1. In addition, for any j ∈ Ai,2, Lemma 12 in
Appendix D.2.3 shows that

Pθ(Xi,j = 1 |X−{i, j} = x−{i, j}) ≤
1

1 +Nα exp(−2 ||θ||∞)
<

exp(2 ‖θ‖∞)

Nα

for all x−{i, j} ∈ {0, 1}N(N−1)/2−1. Hence,

Eθ

 N∑
j 6=i

Xi,j

 ≤ exp(2 ‖θ‖∞) (|Ai,1|+ |Ai,2|N−α).

Bounding |Ai,1|. To bound |Ai,1|, we distinguish two cases:

• Ni ∩ Nj 6= ∅ where j ∈ Ni, which implies that there exists k ∈
{1, . . . ,K} such that {i, j} ⊂ Ak and j ∈ Ni.

• Ni ∩ Nj 6= ∅ where j 6∈ Ni, in which case there exists h ∈ Ni ∩ Nj such
that j ∈ Nh, which in turn implies that there exists k ∈ {1, . . . ,K}
such that {j, h} ⊂ Ak and h ∈ Nj .

The number of j ∈ N satisfying the first case is bounded above by |Ni| ≤
max1≤h≤N |Nh|, and the number of j ∈ N satisfying the second case is
bounded above by

|Ni| max
1≤h≤N

|Nh| ≤
(

max
1≤h≤N

|Nh|
)2

.

In conclusion,

|Ai,1| ≤ 2

(
max

1≤h≤N
|Nh|

)2

.

Bounding |Ai,2|. For each node i ∈ N, there are at most N − 1 < N
other nodes j ∈ N \Ni, hence |Ai,2| ≤ N ≤ 2N .

Conclusion. By collecting terms, for all nodes i ∈ N,

Eθ

 N∑
j 6=i

Xi,j

 ≤ 2 exp(2 ‖θ‖∞}

((
max

1≤h≤N
|Nh|

)2

+N1−α

)
.
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Fig 4. The statistical error ‖θ̃ − θ?‖∞ of maximum pseudo-likelihood estimator θ̃ as an
estimator of θ? ∈ RN+1 plotted against the number of nodes N .

APPENDIX F: SIMULATION RESULTS

We study the performance of maximum pseudo-likelihood estimators by
considering populations with N = 125, 250, 500, and 1,000 nodes. We focus
on maximum pseudo-likelihood estimators, because computing maximum
likelihood and Monte Carlo maximum likelihood estimators is too time-
consuming when N is large (e.g., when N = 500 and N = 1,000). For each
value of N , we generate 1,000 populations with overlapping subpopulations
as follows:

• The number of subpopulations K is N / 25.
• Each node i ∈ N belongs to 1 + Yi subpopulations, where
Yi

iid∼ Binomial(K − 1, 1 /K) (i = 1, . . . , N).
• For node i = 1, . . . , N , the 1 + Yi subpopulation memberships are

sampled from the Multinomial(p
(i)
1 , . . . , p

(i)
K ) distribution with

p
(i)
k =


1

K
if i = 1

1

K − 1

(
1−

N
(i−1)
k

N
(i−1)
1 + . . .+N

(i−1)
K

)
if i ∈ {2, . . . , N},

where N
(i−1)
k is the number of nodes in {1, . . . , i − 1} that belong to

subpopulation Ak (k = 1, . . . ,K).

We consider Model 2 with degree parameters θ?1, . . . , θ
?
N drawn from

Uniform(−1.25, −.75) and brokerage parameter θ?N+1 = .25. For each value
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Fig 5. The maximum deviation max1≤i≤N |θ̃i − θ?i | of the maximum pseudo-likelihood

estimators θ̃i from the data-generating degree parameters θ?i (i = 1, . . . , N) (left) and

the deviation |θ̃N+1 − θ?N+1| of the maximum pseudo-likelihood estimator θ̃N+1 from the
data-generating brokerage parameter θ?N+1 (right).

of N and each population of size N , we generate a graph from Model 2
and compute the maximum pseudo-likelihood estimator from the generated
graph. For each value of N , the gradient ascent algorithm used to compute
the maximum pseudo-likelihood estimator converged for at least 95% of the
simulated data sets, and the following simulation results are based on the
simulated data sets for which the gradient ascent algorithm converged.

Figure 4 demonstrates that the statistical error ‖θ̃ − θ?‖∞ of θ̃ as an
estimator of the data-generating parameter vector θ? ∈ RN+1 decreases as
the number of nodes N increases. Figure 5 decomposes the statistical error
of θ̃ into the statistical error of the degree parameter estimators θ̃1, . . . , θ̃N
and the statistical error of the brokerage parameter estimator θ̃N+1. Figure
5 reveals that the brokerage parameter is estimated with greater accuracy
than the degree parameters, which makes sense as the degree parameters
are greater in absolute value than the brokerage parameter.
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